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Vrfldo Vhfxulw| Lqyhvwphqw lq Htxlwlhv
lq dq Hfrqrp| zlwk Vkruw0Whup Surgxfwlrq
dqg Odqg
Shwhu Gldprqg dqg Mrkq JhdqdnrsorvW
Mxqh 5333
Devwudfw
Wklv sdshu h{soruhv wkh jhqhudo htxloleulxp lpsdfw ri vrfldo vhfxulw| sruwirolr
glyhuvlfdwlrq lqwr sulydwh vhfxulwlhv/ hlwkhu wkurxjk wkh wuxvw ixqg ru yld sulydwh
dffrxqwv1 Wkh dqdo|vlv ghshqgv fulwlfdoo| rq khwhurjhqhlw| lq vdylqj/ lq surgxfwlrq/
lq dvvhwv/ dqg lq wd{hv1 Xqghu idluo| jhqhudo dvvxpswlrqv zh vkrz wkdw olplwhg
glyhuvlfdwlrq lqfuhdvhv d qhxwudo vrfldo zhoiduh ixqfwlrq/ lqfuhdvhv lqwhuhvw udwhv/
uhgxfhv wkh h{shfwhg uhwxuq rq vkruw0whup htxlw| +dqg wkxv wkh htxlw| suhplxp,/
ghfuhdvhv vdih lqyhvwphqw dqg lqfuhdvhv ulvn| lqyhvwphqw1 Krzhyhu/ wkh hhfw rq
djjuhjdwh lqyhvwphqw/ orqj0whup fdslwdo ydoxhv/ dqg wkh xwlolw| ri |rxqj vdyhuv klqjhv
rq gholfdwh dvvxpswlrqv derxw whfkqrorj|1 Djjuhjdwh lqyhvwphqw dqg orqj0whup dvvhw
ydoxhv riwhq pryh lq wkh rssrvlwh gluhfwlrq1 Wkxv vrfldo vhfxulw| glyhuvlfdwlrq pljkw
uhgxfh orqj0whup htxlw| ydoxh zkloh lw lqfuhdvhv djjuhjdwh lqyhvwphqw1

Lqwurgxfwlrq
Wklv sdshu h{soruhv wkh lpsdfw ri vrfldo vhfxulw| sruwirolr glyhuvlfdwlrq lqwr sulydwh
vhfxulwlhv/ hlwkhu wkurxjk wkh wuxvw ixqg ru yld sulydwh dffrxqwv1 Zh hydoxdwh wkh hhfw ri
glyhuvlfdwlrq rq sulfhv +ri vwrfnv/ erqgv/ dqg odqg,/ rq zhoiduh +ri |rxqj dqg rog/ vdyhuv
dqg zrunhuv, dqg rq lqyhvwphqw +lq ulvn| surgxfwlrq dqg vdih surgxfwlrq dqg lq wkh
djjuhjdwh,1 Rxu dqdo|vlv lv fduulhg rxw lq d jhqhudo htxloleulxp/ ryhuodsslqj0jhqhudwlrqv
prgho1
Prvw vwxglhv ri vrfldo vhfxulw| glyhuvlfdwlrq kdyh frqfhqwudwhg rq wkh frqvhtxhqfhv
lw zrxog kdyh iru uhwluhphqw ehqhwv dqg wkh exgjhw yldelolw| ri wkh v|vwhp/ ljqrulqj dq|
jhqhudo htxloleulxp uhshufxvvlrqv +dqg vrphwlphv hyhq fodlplqj lw zrxog kdyh qrqh,1 E|
frqwudvw/ zh dqdo|}h wkh jhqhudo htxloleulxp udplfdwlrqv dqg vkrz krz fulwlfdoo| wkh|
ghshqg rq khwhurjhqhlw| lq vdylqj/ lq surgxfwlrq/ lq dvvhwv/ dqg lq wd{hv14
Dprqj wkh hoghuo|/ Vrfldo Vhfxulw| lqfrph lv glvwulexwhg yhu| glhuhqwo| wkdq sulydwh
shqvlrq dqg dvvhw lqfrph15 Iru wkh erwwrp txlqwloh ri wkh lqfrph glvwulexwlrq/ ;4( ri
W
Wkh dxwkruv duh judwhixo wr Vdnx Dxud dqg Wrp Gdylgr iru uhvhdufk dvvlvwdqfh/ wr Eloo Eudlqdug/
Dolfld Pxqqhoo/ Mlp Srwhued dqg Dqwrqlr Udqjho iru frpphqwv/ dqg wr wkh Qdwlrqdo Vflhqfh Irxqgdwlrq
iru uhvhdufk vxssruw xqghu judqw VEU0<94;9<;1 Wkh uhvhdufk uhsruwhg khuhlq zdv dovr vxssruwhg e| d
judqw iurp wkh X1V1 Vrfldo Vhfxulw| dgplqlvwudwlrq +VVD, ixqghg dv sduw ri wkh Uhwluhphqw Uhvhdufk
Frqvruwlxp1 Wkh rslqlrqv dqg frqfoxvlrqv duh vroho| wkrvh ri wkh dxwkruv dqg vkrxog qrw eh frqvwuxhg dv
uhsuhvhqwlqj wkh rslqlrqv ru srolf| ri VVD ru dq| djhqf| ri wkh Ihghudo Jryhuqphqw1 D suhylrxv yhuvlrq
ri wklv sdshu zdv flufxodwhg xqghu wkh wlwoh Vrfldo Vhfxulw| Lqyhvwphqw lq Htxlwlhv L= Olqhdu Fdvh1
4 Iru dqrwkhu dqdo|vlv ri sruwirolr glyhuvlfdwlrq zkhuh jhqhudo htxloleulxp hhfwv gr pdwwhu/ vhh Deho
+4<<<,1 Iru h{dpsohv ri fodlpv wkdw pdnh vhqvh lq d uhsuhvhqwdwlyh djhqw prgho exw duh qrw dghtxdwh
rqfh khwhurjhqhlw| lv uhfrjql}hg/ vhh Ilqdqfldo Hfrqrplvwv* Urxqgwdeoh +4<<;,/ dqg Juhhqvsdq +4<<:,1
5 Vhh Plwfkhoo dqg Prruh +4<<:,/ Vrfldo Vhfxulw| Dgplqlvwudwlrq +4<<9,1

4

lqfrph frphv iurp Vrfldo Vhfxulw|/ zkloh rqo| 9( lv iurp shqvlrqv soxv lqfrph iurp dvvhwv1
Iru wkh wrs txlqwloh/ 56( frphv iurp Vrfldo Vhfxulw|/ zkloh 79( lv iurp shqvlrqv dqg dvvhwv
 gudpdwlfdoo| glhuhqw shufhqwdjhv1 Vlploduo|/ wkhuh duh juhdw glhuhqfhv lq vdylqj dqg
lqyhvwlqj dprqj fxuuhqw zrunhuv1 Dprqj doo wkrvh zkr zhuh sd|lqj vrfldo vhfxulw| wd{hv
lq 4<<8/ ixoo| 8<( khog qr vwrfn/ hlwkhu gluhfwo| ru wkurxjk shqvlrq sodqv1 Hyhq dprqj
wkrvh ehwzhhq 78 dqg 87 |hduv ri djh/ 83( khog qr vwrfn/ gluhfwo| ru lqgluhfwo|1 6 Wkhvh
glhuhqfhv kdyh lpsruwdqw lpsolfdwlrqv iru wkh sursrvdo wr lqyhvw sduw ri Vrfldo Vhfxulw|
wuxvw ixqg uhvhuyhv lq sulydwh vhfxulwlhv1
Zh uhsuhvhqw wklv khwhurjhqhlw| lq vdylqj ehkdylru e| vxssrvlqj wkdw wkhuh duh wzr
w|shv ri uhsuhvhqwdwlyh djhqwv/ rqh ri zklfk grhv qr vdylqj +h{fhsw wkurxjk vrfldo vhfxulw|,
dqg wkh rwkhu ri zklfk vdyhv dqg vhohfwv d sruwirolr +dqg/ iru vlpsolflw| lv dvvxphg qrw wr
eh fryhuhg e| vrfldo vhfxulw|,1 Zh uhihu wr wkh wzr w|shv ri djhqwv dv zrunhuv dqg vdyhuv1
Rxu dqdo|vlv dovr uhfrjql}hv wkh lpsruwdqfh ri khwhurjhqhlw| lq surgxfwlrq1 Zh vxs0
srvh wkdw wkhuh duh wzr vkruw0whup whfkqrorjlhv/ zklfk surgxfh vdih dqg ulvn| rxwsxw1
Zh dovr dvvxph wkhuh duh wzr orqj0whup whfkqrorjlhv/ fdoohg vdih odqg dqg ulvn| odqg/
zklfk surgxfh vdih dqg ulvn| rxwsxw lq shushwxlw|1 Lw lv lpsruwdqw wr glvwlqjxlvk ehwzhhq
vdih dqg ulvn| rxwsxw/ ehfdxvh vrfldo vhfxulw| glyhuvlfdwlrq zloo olnho| fkdqjh htxloleulxp
sulfhv lq vxfk d zd| dv wr lqfuhdvh surgxfwlrq lq rqh whfkqrorj| vhfwru dqg uhgxfh lw
lq wkh rwkhu1 Lw lv lpsruwdqw wr frqvlghu orqj0whup surgxfwlrq/ ehfdxvh fkdqjhv lq wkh
htxloleulxp sulfhv ri odqg zloo uhglvwulexwh zhdowk ehwzhhq jhqhudwlrqv/ zkhuhdv fkdqjhv
lq wkh sulfhv ri vkruw0whup surgxfwlrq gr qrw1 Zhdowk uhglvwulexwlrq lv lqwhuhvwlqj iru
lwv rzq vdnh/ exw dovr ehfdxvh lqyhvwphqw ghshqgv rq wkh lqfrph ri wkh |rxqj vdyhuv1
Pruhryhu/ zh vkdoo vhh wkdw wkh hhfw ri vrfldo vhfxulw| glyhuvlfdwlrq rq wkh ydoxh ri ulvn|
odqg ghshqgv rq wkh hodvwlflw| dqg ohyho ri vkruw0whup vdih dqg ulvn| surgxfwlrq1
Fxuuhqwo| wkh vrfldo vhfxulw| wuxvw ixqg rqo| krogv XV jryhuqphqw erqgv1 Dgglqj
jryhuqphqw erqgv wr wkh irxu nlqgv ri surgxfwlrq/ zh duh ohg wr frqvlghu d prgho zlwk
yh dvvhwv1
Lw lv lpsruwdqw wr glvwlqjxlvk lqfrph wd{hv iurp vrfldo vhfxulw| wd{hv1 Zh vkdoo vhh
wkdw vrfldo vhfxulw| glyhuvlfdwlrq lv olnho| wr fkdqjh wkh udwh ri lqwhuhvw1 D kljkhu lqwhuhvw
udwh phdqv kljkhu lqfrph wd{hv wr sd| wkh kljkhu frxsrqv rq jryhuqphqw erqgv1 Exw
wkh lqfuhdvhg lqfrph wd{ exughq pd| idoo rq krxvhkrogv lq glhuhqw sursruwlrqv wkdq wkh
vrfldo vhfxulw| wd{hv dqg ehqhwv1 Wklv lq wxuq zloo kdyh ihhgedfn hhfwv rq wkh ghpdqg
iru dvvhwv dqg xowlpdwho| rq wkh qhz htxloleulxp lqwhuhvw udwhv1
Lq rughu wr nhhs wkh dqdo|vlv vlpsoh/ vrfldo vhfxulw| lv prghohg dv d frpelqdwlrq
ri d sd|0dv0|rx0jr v|vwhp wrjhwkhu zlwk d ghqhg frqwulexwlrq v|vwhp/ dqg qrw dv d
ghqhg ehqhwv v|vwhp1 Vrfldo vhfxulw| glyhuvlfdwlrq rffxuv zkhq wkh dvvhw pl{ lq wkh
ghqhg frqwulexwlrq v|vwhp lv vxgghqo| vkliwhg iurp erqgv wrzdug htxlwlhv/ dqg wkhq
pdlqwdlqhg dw wkh kljkhu htxlw| ohyho iruhyhu diwhu1 Iru h{dpsoh/ li zrunhuv zhuh vxgghqo|
jlyhq glvfuhwlrqdu| dffrxqwv/ d qxpehu ri wkhp zkr glg olwwoh ru qr vdylqj rxwvlgh ri
vrfldo vhfxulw| zrxog fkrrvh wr lqyhvw sduw ri wkhlu glvfuhwlrqdu| dffrxqwv lq htxlwlhv/
dqg wkhq rxu dqdo|vlv zrxog dsso|1 Pruh jhqhudoo|/ zh vxssrvh wkhuh lv d vrfldo vhfxulw|
wuxvw ixqg/ zklfk vxgghqo| vhoov vrph ri lwv erqgv dqg lqyhvwv wkh surfhhgv lq vwrfn/
dqg sdvvhv wkurxjk wkh glhuhqfh lq qhw uhwxuqv ehwzhhq wkh vwrfnv dqg erqgv wr wkh
frqwhpsrudqhrxv rog17 Wkh glhuhqfhv ehwzhhq ghqhg ehqhw dqg ghqhg frqwulexwlrq
v|vwhpv dv glvwulexwruv ri udwh0ri0uhwxuq ulvn kdyh ehhq h{soruhg lq ROJ prghov zlwk d
vlqjoh uhsuhvhqwdwlyh djhqw18 Wklv sdshu lv phdqw wr frpsohphqw wkrvh vwxglhv1 Wkhuh lv
6 Txrwhg lq Jhdqdnrsorv/ Plwfkhoo/ dqg ]hoghv +4<<<,1 Vhh Nhqqlfnhoo/ VwduuPfFoxhu/ dqg Vxqghq
+4<<:, dqg Dphulnv dqg ]hoghv +lq surjuhvv,1
7 Vlqfh zh vxssrvh wkdw doo zrunhuv kdyh wkh vdph xwlolw|/ lw pdnhv qr glhuhqfh zkhwkhu vrfldo vhfxulw|
dffrxqwv duh shuvrqdo ru duh pdqdjhg e| d wuxvw ixqg/ surylghg wkdw wkh| fkrrvh wkh vdph dvvhw pl{1
8 Vhh/ iru h{dpsoh/ Erkq +4<<:/ 4<<;,/ Gldprqg/ +4<<:,1
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d eulhi glvfxvvlrq ri krz wr h{whqg wkh dqdo|vlv wr d ghqhg ehqhw sodq lq Vhfwlrq 451
Rxu uvw frqfoxvlrq/ zklfk krogv txlwh jhqhudoo|/ lv wkdw vrfldo vhfxulw| glyhuvlfdwlrq
fuhdwhv wkh srwhqwldo iru zhoiduh lpsuryhphqwv1 Glyhuvlfdwlrq iurp d srlqw ri }hur h{0
srvxuh wr htxlwlhv udlvhv wkh vxp wrwdo ri xwlolw| lq wkh hfrqrp| li krxvhkrog xwlolwlhv duh
zhljkwhg vr wkdw lq hyhu| wlph shulrg wkh pdujlqdo xwlolw| ri d groodu iru vxuh lv wkh vdph
iru hyhu| olylqj vdyhu dqg hyhu| uhwluhg zrunhu19 Wkh zhoiduh jdlqv frph iurp wkh vxshulru
ulvn0vkdulqj vrfldo vhfxulw| glyhuvlfdwlrq shuplwv zkhq wkhuh duh zrunhuv zkr gr qrw kdyh
vdylqjv wr lqyhvw rq wkhlu rzq/ dqg zkhq/ lq wkh devhqfh ri vrfldo vhfxulw| glyhuvlfdwlrq/
vrfldo vhfxulw| ehqhwv kdyh d orz fruuhodwlrq zlwk vwrfn uhwxuqv1: Wkh vdylqj frqvwudlqhg
zrunhuv/ wkrxjk shukdsv pruh ulvn dyhuvh wkdq wkh vdyhuv fhwhulv sdulexv/ vkrxog eh pruh
ulvn wrohudqw rq wkh pdujlq suhflvho| ehfdxvh wkh| duh qrw h{srvhg wr vwrfnv rxwvlgh ri
vrfldo vhfxulw|1 Rq wkh rwkhu kdqg/ lw lv dovr lpsruwdqw wr ehdu lq plqg wkdw lq dggl0
wlrq wr wkh zhoiduh jdlqv/ vrfldo vhfxulw| glyhuvlfdwlrq zrxog dovr olnho| fdxvh zhoiduh
uhglvwulexwlrqv/ vr wkdw d Sduhwr lpsuryhphqw pljkw uhtxluh dgglwlrqdo srolf| vwhsv1
Wkh wudqvihu ri ulvn iurp vdyhuv wr zrunhuv iroorzlqj vrfldo vhfxulw| glyhuvlfdwlrq
ohdgv wr ixuwkhu fkdqjhv lq sulfhv dqg zhoiduh/ ehfdxvh vdyhuv zloo dgmxvw wkhlu ehkdylru
lq uhvsrqvh wr wkhlu qhz vlwxdwlrq1 Wkh gluhfwlrq ri wkhvh ixuwkhu fkdqjhv/ krzhyhu/ lv
dpeljxrxv zlwkrxw ixuwkhu dvvxpswlrqv1 Zh pdnh irxu dvvxpswlrqv/ hqrxjk wr ghwhuplqh
pdq| ri wkh frqvhtxhqfhv ri glyhuvlfdwlrq1 Krzhyhu/ wkh hhfwv rq orqj whup fdslwdo
ydoxhv/ rq zhoiduh/ dqg rq djjuhjdwh lqyhvwphqw/ vwloo uhpdlq dpeljxrxv zlwkrxw |hw pruh
dvvxpswlrqv rq wkh uhodwlyh hodvwlflwlhv dqg ohyhov ri surgxfwlrq1 Udwkhu wkdq pdnlqj vwloo
pruh dvvxpswlrqv rq whfkqrorj|/ zh zrun rxw doo wkh srvvlelolwlhv1
Zh vxssrvh wkdw wkh ghpdqgv e| vdyhuv iru frqvxpswlrq zkhq |rxqj/ dqg iru vdih dqg
ulvn| frqvxpswlrq zkhq rog/ duh qrupdo1 +Li vdyhuv pd{lpl}h h{shfwhg xwlolw|/ qrupdolw|
iroorzv iurp ghfuhdvlqj devroxwh ulvn dyhuvlrq dqg lqfuhdvlqj uhodwlyh ulvn dyhuvlrq1, Zh
vxssrvh wkdw lqfuhdvhv lq jryhuqphqw erqg lqwhuhvw sd|phqwv udlvh wkh sd|phqwv rq jry0
huqphqw erqgv khog e| vrfldo vhfxulw| pruh wkdq wkh| udlvh zrunhuv* lqfrph wd{hv +dqg
wkxv udlvh vdyhuv* wd{hv pruh wkdq wkh| udlvh vdyhuv* lqfrph rq wkh jryhuqphqw erqgv
wkh| krog,1 Zh dovr vxssrvh vkruw0whup ulvn| surgxfwlrq lv dorqj d ud| lq vwdwh vsdfh/
wkdw lv n xqlwv ri lqyhvwphqw lq wkh ulvn| whfkqrorj| surgxfh j+n,Uv xqlwv ri rxwsxw lq
hdfk vwdwh v1 +Vkruw0whup vdih surgxfwlrq i +n3 ,4 lv e| ghqlwlrq dorqj d ud|1, Ilqdoo|/ zh
vxssrvh wkdw wkh rxwsxw iurp orqj0whup ulvn| surgxfwlrq lv lqghshqghqwo| dqg lghqwlfdoo|
glvwulexwhg hdfk shulrg1
Lq frqwudvw wr prghov zkhuh doo zrunhuv duh sruwirolr xqfrqvwudlqhg dqg whfkqrorj| lv
krprjhqhrxv/ zh qg wkdw vrfldo vhfxulw| glyhuvlfdwlrq lqwr htxlwlhv kdv vxevwdqwldo dqg
vxewoh uhdo hhfwv1 Xqghu rxu dvvxpswlrqv/ vrfldo vhfxulw| glyhuvlfdwlrq zrxog lqfuhdvh
ulvn| lqyhvwphqw/ ghfuhdvh vdih lqyhvwphqw/ udlvh lqwhuhvw udwhv/ orzhu h{shfwhg uhwxuqv rq
vkruw0whup ulvn| vhfxulwlhv/ dqg uhgxfh wkh htxlw| suhplxp1 Vwrfn pdunhw ydoxh fdq jr
9 Vlqfh zrunhuv gr qrw vdyh/ wkhlu pdujlqdo udwhv ri vxevwlwxwlrq dfurvv wlph duh qrw sursruwlrqdo wr
lqwhuhvw udwhv/ dqg lw lv lpsrvvleoh wr uhtxluh pdujlqdo xwlolwlhv iru |rxqj zrunhuv wr pdwfk xs dv zhoo/ iru
doo wlph shulrgv1 Exw hyhq li wkh| gr qrw pdwfk xs lq wkh zhoiduh ixqfwlrq/ wkh zhoiduh ixqfwlrq pxvw eh
lqfuhdvhg e| glyhuvlfdwlrq1
: H{dfwo| wklv srlqw zdv pdgh lq Jhdqdnrsorv/ Plwfkhoo/ dqg ]hoghv +4<<<,/ zkr dovr wulhg wr txdqwli|
wkh zhoiduh jdlq lq d vshfldo txdgudwlf h{dpsoh1 Khuh wkh sursrvlwlrq wkdw wkhuh pxvw eh zhoiduh jdlqv iurp
d vpdoo ghjuhh ri vrfldo vhfxulw| glyhuvlfdwlrq lv suryhg lq d irupdo prgho/ dvvxplqj wkhuh duh zrunhuv
zkr gr qrw vdyh dqg wkdw wkhuh lv d orz fruuhodwlrq ehwzhhq ehqhwv dqg vwrfn uhwxuqv1 Li vrfldo vhfxulw|
ehqhwv duh qdqfhg hqwluho| e| shuvrqdo dffrxqwv/ zklfk h{foxvlyho| krog erqgv/ wkhq wkh dvvxpswlrq ri
orz fruuhodwlrq ehwzhhq vrfldo vhfxulw| ehqhwv dqg vwrfn uhwxuqv lv sodxvleoh1 Li vrfldo vhfxulw| ehqhwv
ghshqg rq d sd|0dv0|rx0jr v|vwhp dqg ixwxuh uhdo zdjhv duh qrw kljko| fruuhodwhg zlwk vwrfn uhwxuqv/
wkhq djdlq wkh k|srwkhvlv ri orz fruuhodwlrq ehwzhhq vrfldo vhfxulw| uhwxuqv dqg vwrfn uhwxuqv lv sodxvleoh1
Dqrwkhu uhdvrq wr frqqh wkh dqdo|vlv wr d ghqhg frqwulexwlrqv v|vwhp lv wr pdnh fohdu wkdw wkh jdlqv
wr glyhuvlfdwlrq zh ghvfuleh gr qrw uho| dw doo rq wkh ulvn vsuhdglqj dfurvv jhqhudwlrqv wkdw frxog eh
vxssruwhg e| d ghqhg ehqhwv v|vwhp1 D ghqhg ehqhwv v|vwhp glyhuvlhg lqwr htxlwlhv zrxog fuhdwh
wkh srvvlelolw| ri vwloo eljjhu zhoiduh jdlqv1
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xs ru grzq/ dv frxog wkh zhoiduh ri |rxqj vdyhuv dqg wrwdo lqyhvwphqw/ ghshqglqj rq wkh
gluhfwlrq ri fkdqjh lq odqg sulfhv dqg xowlpdwho|/ rq wkh uhodwlyh vhqvlwlylw| dqg ohyhov ri
vdih dqg ulvn| surgxfwlrq1
Lw lv txlwh vxusulvlqj wkdw ulvn| odqg sulfhv pljkw idoo1 Lqghhg wkh vxusulvh fdq eh sxw
pruh vkduso|= li wkh wuxvw ixqg ehjlqv hqwluho| lqyhvwhg lq erqgv/ dqg wkhq vkliwv vrph ri
lwv sruwirolr iurp erqgv lqwr ulvn| odqg/ wkh qhz htxloleulxp sulfh ri ulvn| odqg pd| eh
orzhu wkdq ehiruh +dqg zloo eh xqghu frqglwlrqv jlyhq lq sursrvlwlrq 8,1 Wkh h{sodqdwlrq
lv wkdw wkh rqh shulrg uhwxuq rq ulvn| odqg lv wkh vxp ri wkh ulvn| glylghqg dqg qh{w
shulrg*v fdslwdo ydoxh ri odqg1 Xqghu rxu dvvxpswlrq wkdw odqg glylghqgv duh lqghshqghqw
dfurvv wlph/ wkh fdslwdo ydoxh lv ulvnohvv/ dqg wkhuhiruh lwv suhvhqw ydoxh zloo ghfolqh zlwk
wkh lqfuhdvh lq lqwhuhvw udwhv1 Wkh qhdu whup uhwxuqv iurp odqg ulvh lq ydoxh/ exw wkh ixwxuh
glylghqgv idoo lq ydoxh1 Lq rwkhu zrugv/ wkh rqh0shulrg uhwxuq rq lqqlwho| olyhg odqg lv d
frpelqdwlrq ri wkh vkruw0whup ulvn| uhwxuq dqg wkh vkruw0whup vdih uhwxuq1 Glyhuvlfdwlrq
pdnhv rqh jr xs dqg wkh rwkhu grzq1; Zh vkrz wkdw li vkruw0whup surgxfwlrq lv h{foxvlyho|
ulvn| dqg olqhdu/ wkhq wrwdo odqg ydoxhv pxvw idoo zkhq vrfldo vhfxulw| glyhuvlhv/ dqg li
vkruw0whup surgxfwlrq lv h{foxvlyho| vdih/ wkhq odqg ydoxhv pxvw ulvh1 Zkhq wkhuh lv qr
vkruw0whup surgxfwlrq/ vrfldo vhfxulw| glyhuvlfdwlrq lqwr odqg dovr udlvhv djjuhjdwh odqg
ydoxh1 Sursrvlwlrq 8 fryhuv wkh jhqhudo fdvh/ vkrzlqj wkdw wkh vhqvlwlylw| ri surgxfwlrq wr
sulfh fkdqjhv dqg wkh suhydlolqj ohyhov ri ulvn| rxwsxw +uhodwlyh wr vdih rxwsxw, ghwhuplqh
wkh fkdqjh lq odqg ydoxhv/ jlyhq erwk ghfolqlqj devroxwh ulvn dyhuvlrq dqg lqfuhdvlqj
uhodwlyh ulvn dyhuvlrq1
Sursrqhqwv ri vrfldo vhfxulw| glyhuvlfdwlrq riwhq vd| lw zrxog khos |rxqj vdyhuv eh0
fdxvh vwrfnv kdyh wudglwlrqdoo| hduqhg d kljkhu uhwxuq wkdq vrfldo vhfxulw| lv surmhfwhg
wr |lhog lq wkh ixwxuh1 Wkh| kdyh ehhq uljkwo| fulwlfl}hg iru vrphwlphv irujhwwlqj derxw
wkh xqixqghg oldelolw| hperglhg lq vrfldo vhfxulw| frpplwphqwv wr wrgd|*v rog/ dqg iru
ljqrulqj wkh ulvnlqhvv ri vwrfn uhwxuqv1< Qdwxudoo| rxu prgho uhfrjql}hv erwk ri wkhvh
frqvlghudwlrqv/ dqg qrw vxusulvlqjo| lw vkrzv wkdw wkh htxlw| suhplxp zrxog idoo diwhu
glyhuvlfdwlrq1 Rxu dqdo|vlv dovr pdnhv fohdu wkdw wkh zhoiduh ri |rxqj vdyhuv ghshqgv
rq dw ohdvw wzr pruh frqvlghudwlrqv1 Iluvw/ wkhlu lqfrph wd{hv zloo ulvh +wr sd| wkh kljkhu
lqwhuhvw rq jryhuqphqw erqgv,1 Vhfrqg/ wkh dvvhwv wkh| ex| dqg vhoo zloo fkdqjh lq ydoxh1
Lq rxu prgho/ wkhlu sxufkdvhv ri vkruw0whup ulvn| dvvhwv h{dfwo| rvhw wkh glylghqgv wkh|
uhfhlyh dv rzqhuv ri upv1 Wkh fkdqjh lq sulfh ri vkruw0whup ulvn| vhfxulwlhv wkhuhiruh
grhv qrw dhfw wkhlu zhoiduh1 \rxqj vdyhuv duh/ krzhyhu/ qhw ex|huv ri orqj0whup dvvhwv
olnh odqg1 Wkhlu zhoiduh zloo wkhuhiruh eh lq xhqfhg lq wkh rssrvlwh gluhfwlrq e| fkdqjlqj
odqg sulfhv1 Xqohvv orqj0whup fdslwdo ydoxhv jr grzq vxevwdqwldoo| diwhu glyhuvlfdwlrq/
|rxqj +dqg ixwxuh, vdyhuv zloo eh pdgh zruvh r e| vrfldo vhfxulw| glyhuvlfdwlrq1 Rq wkh
rwkhu kdqg/ wrgd|*v rog vdyhuv zloo eh pdgh ehwwhu r li orqj0whup fdslwdo ydoxhv ulvh1
Wkh hhfw ri vrfldo vhfxulw| glyhuvlfdwlrq rq djjuhjdwh lqyhvwphqw lv dpeljxrxv/ eh0
fdxvh ulvn| lqyhvwphqw zloo jr xs dqg vdih lqyhvwphqw zloo jr grzq1 Wkh hhfw rq djjuhjdwh
lqyhvwphqw wkhuhiruh ghshqgv rq zkhwkhu vdih ru ulvn| surgxfwlrq lv pruh hodvwlf1 Lq wkh
h{wuhph fdvh zkhuh wkhuh lv qr vdih surgxfwlrq/ djjuhjdwh lqyhvwphqw pxvw jr xs/ dqg
vlploduo| zkhq doo vkruw0whup surgxfwlrq lv vdih/ djjuhjdwh lqyhvwphqw pxvw jr grzq1 Dj0
juhjdwh lqyhvwphqw dovr ghshqgv rq |rxqj vdyhuv* surshqvlw| wr vdyh1 Zkhq odqg sulfhv
jr xs dqg vdyhuv* zhoiduh ghfolqhv/ wkh| zloo zdqw wr vdyh ohvv1 Zkhq odqg sulfhv jr grzq/
wkh vwlpxoxv wr ulvn| surgxfwlrq iurp wkh fkdqjh lq sulfhv lv uhlqirufhg e| wkh lqfuhdvhg
ghpdqg e| |rxqj vdyhuv1 Lq jhqhudo/ wkhuh pljkw eh d wudgh0r ehwzhhq vxevwlwxwlrq
; Kdg zh dvvxphg wkdw odqg glylghqgv iroorz d udqgrp zdon/ lqfuhdvhg odqg ydoxhv zrxog kdyh ehfrph
pruh olnho|1 Exw wkhq zh frxog qrw kdyh vroyhg iru d vwhdg|0vwdwh htxloleulxp1 Wkh srlqw dq|zd| lv wr
xqghuvwdqg wkh idfwruv wkdw frqwuro wkh fkdqjh lq orqj0whup fdslwdo ydoxhv/ qrw wr vhwwoh wkh hpslulfdo
txhvwlrq ri zklfk idfwruv duh vwurqjhvw1
< Iru dvvhuwlrqv wkdw duh vxe mhfw wr wklv fulwlflvp/ vhh Iruehv +4<<9, dqg Prruh +4<<:,1 Wklv olqh ri
fulwlflvp lv ghyhorshg lq wkh wzr sdshuv e| Jhdqdnrsorv/ Plwfkhoo/ dqg ]hoghv +4<<;/ 4<<<,1
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dqg lqfrph hhfwv1 Sursrvlwlrq 8e jlyhv frqglwlrqv xqghu zklfk wkh fkdqjh lq djjuhjdwh
lqyhvwphqw lv rssrvlwh lq gluhfwlrq wr wkh fkdqjh lq wrwdo odqg ydoxh1
Wr hdvh wkh h{srvlwlrq dqg dovr wr looxvwudwh wkh lpsruwdqfh ri whfkqrorj| lq ghwhu0
plqlqj wkh hhfwv ri vrfldo vhfxulw| glyhuvlfdwlrq/ zh uvw dqdo|}h d prgho zlwk olqhdu
vkruw0whup whfkqrorj| dqg odqg143 Lq wklv prgho h{solflw irupxodv fdq eh rewdlqhg1 Odwhu
zh pryh wr d pruh jhqhudo prgho zlwk frqfdyh vkruw0whup surgxfwlrq dqg odqg1 Wkh frp0
sdudwlyh vwdwlfv ri htxloleulxp lq wkh olqhdu prgho ghshqg rq zklfk ri wkh wzr vkruw0whup
whfkqrorjlhv duh dfwxdoo| xvhg lq htxloleulxp1 Zh zrun rxw wkuhh vhsdudwh fdvhv/ fdoohg wkh
elolqhdu fdvh/ wkh ulvn| olqhdu fdvh/ dqg wkh vdih olqhdu fdvh/ ghshqglqj rq zkhwkhu erwk
olqhdu whfkqrorjlhv duh xvhg/ ru mxvw rqh lv xvhg1 Wkh uhvxowv duh suhvhqwhg lq Sursrvlwlrqv
461 Wkh ulvn| olqhdu fdvh/ dulvlqj zkhq wkhuh duh frqvwdqw pdujlqdo uhwxuqv wr vkruw0whup
ulvn| lqyhvwphqwv/ exw qr vdih uhdo lqyhvwphqw/ vhhpv fohduo| wkh prvw uhdolvwlf dprqj
wkh olqhdu fdvhv/ dqg vr zh frqfhqwudwh pxfk ri rxu dwwhqwlrq wkhuh1 Lq wklv fdvh vrfldo
vhfxulw| glyhuvlfdwlrq udlvhv djjuhjdwh lqyhvwphqw dqg orzhuv odqg ydoxhv +dqg wkhuhiruh
vwrfn pdunhw ydoxh,1 Lw dovr orzhuv wkh xwlolw| ri |rxqj vdyhuv xqohvv wkh ydoxh ri odqg lv
vx!flhqwo| kljk uhodwlyh wr wkh ydoxh ri jryhuqphqw erqgv1
Wkh dfwlyh suhvhqfh ri hlwkhu olqhdu whfkqrorj| vlpsolhv wkh dqdo|vlv ehfdxvh lw {hv
rqh htxloleulxp udwh ri uhwxuq1 Zkhq qhlwkhu olqhdu whfkqrorj| lv lq xvh/ zh fdq qr orqjhu
ghulyh vlpsoh irupxodv iru wkh hhfwv ri vrfldo vhfxulw| glyhuvlfdwlrq/ dqg zh duh irufhg wr
xvh dq lqgluhfw dujxphqw1 Rxu uhvxowv duh suhvhqwhg lq Sursrvlwlrq 71 Vlqfh wkh lqgluhfw
dujxphqw lv dssolfdeoh pruh zlgho|/ zh ghihu lw xqwlo diwhu zh suhvhqw rxu vhfrqg/ pruh
jhqhudo prgho zlwk frqfdyh vkruw0whup surgxfwlrq dqg odqg1 Lq wkh frqfdyh prgho zh fdq
vhh lq rqh ihoo vzrrs zklfk frpsdudwlyh vwdwlfv surshuwlhv krog dfurvv htxloleulxp uhjlphv1
Zh dovr lghqwli| idfwruv wkdw h{sodlq zkhwkhu odqg ydoxhv dqg djjuhjdwh lqyhvwphqw jr xs
ru grzq diwhu vrfldo vhfxulw| glyhuvlfdwlrq1 Wkhvh uhvxowv dsshdu lq Sursrvlwlrq 8/ zkrvh
surri lv jlyhq lq wkh Dsshqgl{1 Zh frqfoxgh wkh sdshu e| vkrzlqj krz wkh prgho frxog
eh h{whqghg wr doorz iru ghqhg ehqhwv1
Wkh vhtxhqfh ri fdvhv lv rughuhg iurp vlpsohvw wr kdughvw/ vr wkh uhdghu fdq vhh wkh
slhfhv ri wkh prgho lqwurgxfhg lq wxuq1 Lq hyhu| fdvh zh ehjlq e| ghulylqj wkh zhoiduh
lpsolfdwlrqv ri vrfldo vhfxulw| glyhuvlfdwlrq/ frqglwlrqdo rq wkh sulfh fkdqjhv1 Zh xvh
wkhvh frqglwlrqdo zhoiduh hhfwv wr ghulyh wkh sulfh fkdqjhv e| euhdnlqj ghpdqg lqwr
frpshqvdwhg dqg lqfrph hhfwv1 Zh uhshdwhgo| xvh wkh revhuydwlrq +suryhg lq Dxud
GldprqgJhdqdnrsorv/ 4<<<, wkdw rxu dvvxpswlrq ri qrupdo ghpdqgv dqg h{shfwhg xwlo0
lw| pd{lpl}dwlrq jxdudqwhhv wkdw doo ri wkh dvvhwv dqg fxuuhqw frqvxpswlrq lq rxu prgho
duh Klfnvldq vxevwlwxwhv1

4

Whfkqrorj|

Zh dqdo|}h wkh htxloleulxp ri d vwrfkdvwlf ryhuodsslqj0jhqhudwlrqv hfrqrp|/ zkhuh hdfk
jhqhudwlrq olyhv iru wzr shulrgv1 Wkhuh lv rqh shulvkdeoh frqvxpswlrq frpprglw| lq hdfk
gdwh0hyhqw/ zklfk fdq hlwkhu eh hdwhq ru lqyhvwhg xvlqj d surgxfwlyh whfkqrorj|1 \rxqj
frqvxphuv kdyh +qrqvwrfkdvwlf, hqgrzphqwv/ zklfk fdq eh lqwhusuhwhg dv hduqlqjv iurp
lqhodvwlfdoo| vxssolhg oderu1 Frqvxphuv dqg wkh vrfldo vhfxulw| v|vwhp duh ghvfulehg lq
Vhfwlrqv 5 dqg 61
Dw hdfk gdwh0hyhqw wkhuh duh wzr vkruw0whup lqyhvwphqw rssruwxqlwlhv zklfk wudqvirup
wkh vlqjoh shulvkdeoh frqvxpswlrq jrrg lqwr +vdih ru vwrfkdvwlf dprxqwv ri, frqvxpswlrq
jrrgv lq wkh qh{w shulrg1 Lq Vhfwlrqv 4</ zh dvvxph d olqhdu/ vkruw0whup whfkqrorj| wr
dyrlg wkh frpsolfdwlrqv iurp ihhgedfn ri lqyhvwphqw ohyhov rq udwhv ri uhwxuq wr surgxfwlyh
4 3 Wr ixuwkhu hdvh wkh h{srvlwlrq/ zh lqwurgxfh odqg rqo| diwhu suhvhqwlqj d suholplqdu| yhuvlrq ri wkh
prgho zlwkrxw odqg1
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lqyhvwphqwv1 Wkh vdih lqyhvwphqw surgxfhv U3 n3 lq wkh shulrg iroorzlqj dq lqyhvwphqw
ri n3 / zlwk qr gxudelolw| lq wkh fdslwdo/ zkhuh U3 A 4 lv d frqvwdqw1 +Wkxv zh duh
dvvxplqj d srvlwlyh vdih udwh ri uhwxuq1, Wkh ulvn| lqyhvwphqw surgxfhv Un lq wkh shulrg
iroorzlqj dq lqyhvwphqw ri n/ dovr zlwk qr gxudelolw| lq wkh fdslwdo/ zkhuh U A 3 lv d
udqgrp yduldeoh1 Iru frqyhqlhqfh/ zh dvvxph wkh ulvn| uhwxuqv wr eh lqghshqghqwo| dqg
lghqwlfdoo| glvwulexwhg hdfk shulrg1
Htxloleulxp zlwk wkh olqhdu whfkqrorj| lv ghvfulehg zlwkrxw odqg lq Vhfwlrq 7 dqg zlwk
odqg lq Vhfwlrq :1 Zh duh lqwhuhvwhg lq h{dplqlqj wkh fkdqjh lq htxloleulxp fdxvhg e|
vrfldo vhfxulw| sruwirolr glyhuvlfdwlrq iurp erqgv lqwr htxlw|1 Wkh txdolwdwlyh fkdqjhv
lq htxloleulxp ghshqg fuxfldoo| rq zklfk lqyhvwphqw whfkqrorjlhv duh dfwxdoo| xvhg lq
htxloleulxp1 Wkhuh duh wkxv irxu uhjlphv wr frqvlghu/ ghshqglqj rq zkhwkhu hdfk vkruw0
whup whfkqrorj| lv lq xvh/ ru lv qrw lq xvh144
Lq wkh elolqhdu uhjlph/ h{dplqhg lq Vhfwlrq 8/ zh dvvxph wkdw erwk vkruw0whup lqyhvw0
phqwv duh xqghuwdnhq lq htxloleulxp1 Wklv {hv wkh htxloleulxp h{shfwhg uhwxuqv rq vdih
dqg ulvn| lqyhvwphqwv/ dqg pdnhv wkh dqdo|vlv vlpsoh/ vlqfh wuxvw ixqg glyhuvlfdwlrq grhv
qrw fkdqjh wkh udwhv ri uhwxuq1 Qhyhuwkhohvv/ wkhuh duh zhoiduh frqvhtxhqfhv/ zklfk uhfxu
lq doo wkh rwkhu uhjlphv1
Lq wkh vhfrqg/ dqg prvw sodxvleoh olqhdu uhjlph/ fdoohg wkh ulvn| olqhdu fdvh/ zh vxssrvh
rqo| wkh ulvn| lqyhvwphqw lv xqghuwdnhq lq htxloleulxp/ zklfk ohdyhv wkh vdih uhwxuq/ dqg
wkxv wkh lqwhuhvw udwh rq jryhuqphqw erqgv/ hqgrjhqrxv dqg oldeoh wr eh fkdqjhg e|
glyhuvlfdwlrq1 Zh h{dplqh wkh ulvn| olqhdu fdvh zlwkrxw odqg lq Vhfwlrq 9/ dqg zlwk odqg
lq Vhfwlrq ;1
Lq Vhfwlrq : zh dgg vdih dqg ulvn| odqg wr wkh prgho1 Vdih odqg surgxfhv d {hg dprxqw
ri wkh frqvxpswlrq jrrg hyhu| shulrg/ zkloh ulvn| odqg surgxfhv d udqgrp dprxqw ri rxw0
sxw hyhu| shulrg/ shuihfwo| fruuhodwhg zlwk wkh rxwsxw ri wkh vkruw0whup ulvn| lqyhvwphqw1
Jlyhq wkh llg dvvxpswlrq iru uhwxuqv rq ulvn| lqyhvwphqw/ wkh rqh0shulrg uhwxuqv iurp
hdfk w|sh ri lqqlwho|0olyhg odqg wxuq rxw wr eh frqyh{ frpelqdwlrqv ri wkh vdih dqg ulvn|
vkruw whup uhwxuqv1 Wkxv hyhq wkrxjk wkhuh duh wzr odqg sulfhv dv zhoo dv wkh uhwxuq
rq jryhuqphqw erqgv wkdw duh oldeoh wr eh fkdqjhg e| glyhuvlfdwlrq/ rxu prvw sodxvleoh
olqhdu prgho/ h{whqghg wr lqfoxgh odqg/ fdq vwloo eh vroyhg lq whupv ri rqh hqgrjhqrxv
yduldeoh1
Lq wkh vdih olqhdu uhjlph zh uhwdlq wkh odqg/ exw zh vxssrvh rqo| wkh vdih lqyhvwphqw
lv xqghuwdnhq lq htxloleulxp/ zklfk ohdyhv wkh rqh0shulrg h{shfwhg |lhog iurp sxufkdvh ri
ulvn| odqg hqgrjhqrxv/ zkloh {lqj wkh uhwxuq rq wkh vdih lqyhvwphqw/ dqg vr rq erqgv1
Wkrxjk zh uhjdug wklv prgho ri h{foxvlyho| vdih lqyhvwphqwv dv lpsodxvleoh/ lwv dqdo|vlv
lq Vhfwlrq < looxvwudwhv krz vrph ri rxu frpsdudwlyh vwdwlfv suhglfwlrqv fdq eh uhyhuvhg
zlwk d glhuhqw surgxfwlrq whfkqrorj|1
Lq Vhfwlrq 43/ zh h{dplqh wkh vlwxdwlrq zlwk vdih dqg ulvn| odqg/ exw zkhuh qhlwkhu
vkruw0whup lqyhvwphqw lv xqghuwdnhq lq htxloleulxp1 Wkhq erwk wkh lqwhuhvw udwh rq jry0
huqphqw erqgv dqg wkh h{shfwhg uhwxuq rq ulvn| odqg duh hqgrjhqrxv/ dqg iuhh wr ydu|
iurp vrfldo vhfxulw| glyhuvlfdwlrq1 Dv d uhvxow zh fdqqrw zulwh d vlpsoh irupxod iru wkh
hhfwv ri vrfldo vhfxulw| glyhuvlfdwlrq/ wkrxjk zh fdq vwloo ghwhuplqh lwv txdolwdwlyh hi0
ihfwv1 Zh ghihu wkh frpsdudwlyh vwdwlfv dqdo|vlv wr wkh pruh jhqhudo fdvh frqvlghuhg lq
Vhfwlrq 441
Lq Vhfwlrq 44 zh jhqhudol}h wkh vkruw0whup surgxfwlrq wr doorz iru ghfuhdvlqj uhwxuqv
wr lqyhvwphqwv1 Rqfh djdlq wkhuh duh wzr hqgrjhqrxv yduldeohv1 Wkh txdolwdwlyh hhfwv
4 4 Zkhq d whfkqrorj| lv qrw lq xvh/ zh vxssrvh wkdw wkh pdujlqdo xwlolw| ri ehjlqqlqj wr xvh lw lv vwulfwo|
ohvv wkdq wkh pdujlqdo frvw ri ehjlqqlqj wr xvh lw1 Iru frpsohwhqhvv/ zh phqwlrq wkdw wkhuh duh vhyhudo
rwkhu uhjlphv/ lq zklfk d whfkqrorj| lv qrw lq xvh exw e| frlqflghqfh wkh pdujlqdo ehqhw ri ehjlqqlqj wr
xvh lw lv h{dfwo| htxdo wr wkh pdujlqdo frvw ri ehjlqqlqj wr xvh lw1 Jhqhulfdoo|/ wkhvh nqlih0hgjh uhjlphv
zloo qrw eh revhuyhg/ dqg zh ljqruh wkhp1
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ri vrfldo vhfxulw| glyhuvlfdwlrq wkhq ghshqg fulwlfdoo| rq wkh vhfrqg ghulydwlyhv ri wkh
surgxfwlrq ixqfwlrqv iru vdih dqg ulvn| rxwsxw/ dqg rq wkh wrwdo dprxqw ri hdfk w|sh ri
surgxfwlrq1 Zlwk olqhdu surgxfwlrq zh zhuh deoh wr ghulyh h{solflw irupxodv iru wkh fkdqjh
lq htxloleulxp diwhu vrfldo vhfxulw| glyhuvlfdwlrq1 Wkh ihhgedfn ri surgxfwlrq rq udwhv
ri uhwxuq frpsolfdwhv wkh dqdo|vlv/ exw wkurxjk dq lqgluhfw dujxphqw/ zh duh vwloo deoh
wr ghwhuplqh wkh vljqv/ li qrw wkh vl}hv/ ri wkh fkdqjhv lq sulfhv dqg wkh wzr vkruw0whup
lqyhvwphqwv1 Pruhryhu/ rxu pruh olplwhg txdolwdwlyh dqdo|vlv dssolhv wr hyhu| htxloleulxp
uhjlph/ vr wkdw zh gr qrw kdyh wr euhdn wkh dqdo|vlv lqwr glhuhqw fdvhv/ exw fdq vhh
fohduo| zkdw txdolwdwlyh surshuwlhv duh frpprq wr doo htxloleulxp uhjlphv1

5

Frqvxphuv

Wr eulqj rxw prvw fohduo| wkh glhuhqfh ehwzhhq vrfldo vhfxulw| fryhuhg zrunhuv dqg zhdowk
kroghuv/ zh iroorz dq roghu olwhudwxuh dqg dvvxph wkhuh duh zrunhuv zkr gr qrw vdyh dqg
vdyhuv zkr duh qrw fryhuhg e| vrfldo vhfxulw|> wkdw lv/ wzr uhsuhvhqwdwlyh djhqwv lq hdfk
eluwk frkruw145 Zh dvvxph wkdw hdfk zrunhu uhfhlyhv z lq wkh uvw shulrg ri olih/ zlwk
hdfk vdyhu uhfhlylqj Z 1
Zh dvvxph qr srsxodwlrq jurzwk dqg qrupdol}h wkh srsxodwlrq vr wkdw wkhuh lv d xqlw
phdvxuh ri +lghqwlfdo, vdyhuv dqg d phdvxuh ri vl}h q ri +lghqwlfdo, zrunhuv1 Wkh uhsuh0
vhqwdwlyh vdyhu pd{lpl}hv h{shfwhg olihwlph xwlolw| ri frqvxpswlrq/ wdnlqj sulfhv dv jlyhq1
H{shfwhg olihwlph xwlolw|/ Y / lv htxdo wr X4 ^F4 ` . HiX5 ^F5 `j/ zkhuh F4 lv frqvxpswlrq
zkhq |rxqj/ dqg F5 lv frqvxpswlrq zkhq rog/ dqg zlwk Xl lqfuhdvlqj/ frqfdyh dqg wzlfh
frqwlqxrxvo| glhuhqwldeoh1 Lq wkh prgho zlwkrxw odqg/ wkh vdyhuv glylgh h{rjhqrxv uvw
shulrg zhdowk/ Z / dprqj frqvxpswlrq dqg +xs wr, wkuhh wdqjleoh dvvhwv  jryhuqphqw
erqgv/ E/ dqg wzr w|shv ri sk|vlfdo fdslwdo= n3 / zklfk lv wkh vdih dvvhw/ dqg n/ zklfk lv
wkh ulvn| dvvhw1 Lq dgglwlrq/ wkh vdyhuv sd| lqfrph wd{hv/ W / lq wkh vhfrqg shulrg146 Wkxv/
zh ghqrwh h{shfwhg xwlolw| pd{lpl}dwlrq iru wkh uhsuhvhqwdwlyh vdyhu e|=
Y

@ pd{ X4 ^F4 ` . HiX5 ^F5 `j
v1w1 Z @ F4 . E . n3 . n
F5 @ +4 . u,E . U3 n3 . Un  W>

+4,

zkhuh wkh udwh ri uhwxuq/ U/ lv udqgrp/ exw wd{hv duh qrw/ dv ri wkh wlph ri uvw0shulrg
ghflvlrqv1 Li wkh vdih uhdo dvvhw lv khog lq htxloleulxp/ wkhq 4 . u lv htxdo wr U3 / vlqfh wkh
jryhuqphqw erqg dqg wkh vdih uhdo dvvhw duh shuihfw vxevwlwxwhv1
Frqvxphu fkrlfh fdq dovr eh ylhzhg lq whupv ri wkuhh +frpsrvlwh, frqvxphu jrrgv 
uvw0shulrg frqvxpswlrq dqg vdih dqg ulvn| vhfrqg0shulrg frqvxpswlrq/ zklfk zh ghqrwh
dv F4 / M dqg N147 Lw lv wkhuhiruh frqyhqlhqw wr lpdjlqh wkdw wkhuh lv d vdih qdqfldo dvvhw
surplvlqj rqh xqlw ri vdih frqvxpswlrq dqg dovr d ulvn| qdqfldo dvvhw surplvlqj rqh xqlw
ri ulvn| frqvxpswlrq U/ vr wkdw M dqg N fdq eh erxjkw gluhfwo|148 Zlwk uvw0shulrg
frqvxpswlrq dv qxphudluh/ zh ghqrwh wkh sulfh ri vhfrqg0shulrg ulvn| frqvxpswlrq dv
4 5 Ihogvwhlq +4<;8, pdnhv d vlplodu dvvxpswlrq lq klv fodvvlfdwlrq ri djhqwv dv udwlrqdo dqg p|rslf1
Kdylqj vdyhuv fryhuhg e| vrfldo vhfxulw| zrxog frpsolfdwh wkh qrwdwlrq zlwkrxw fkdqjlqj wkh dqdo|vlv1
4 6 Wd{hv duh xvhg wr sd| lqwhuhvw rq jryhuqphqw erqgv1 E| froohfwlqj wd{hv lq wkh vhfrqg shulrg ri olih/
wkh| duh sdlg edfn wr wkh vdph frkruw wkh| duh froohfwhg iurp1 Froohfwlqj wd{hv lq wkh uvw shulrg lqvwhdg
zrxog eh htxlydohqw wr fkdqjlqj wkh ohyho ri jryhuqphqw ghew rxwvwdqglqj1
4 7 Vlqfh doo wudglqj dqg surgxfwlrq rssruwxqlwlhv fdq eh zulwwhq lq whupv ri wkhvh frpsrvlwh frpprgl0
wlhv/ dqdo|vlv ri htxloleulxp fdq eh grqh lq wkhvh whupv1 Zulwwhq lq wklv irup/ wkh xvxdo surshuwlhv ri
frpshqvdwhg ghpdqgv krog iru wkh yhfwru ri frqvxpswlrqv1 Rq wkh surshuwlhv ri frpshqvdwhg ghpdqgv
lq wkh suhvhqfh ri xqfhuwdlqw|/ vhh Gldprqg dqg \ddul +4<:5, dqg Ilvfkhu +4<:5,1 Pruhryhu/ dqdo|vlv fdq
eh grqh lq wklv irup zlwkrxw wkh dvvxpswlrq ri h{shfwhg xwlolw|1
4 8 Zkhq ulvn| uhdo lqyhvwphqw lv ehlqj xqghuwdnhq/ zh fdq lqwhusuhw wkh ulvn| qdqfldo dvvhw dv vkduhv
lq wkh rxwsxw ri d ulvn| up1 Zkhq wkhuh lv qr uhdo lqyhvwphqw ehlqj xqghuwdnhq/ wkhq wklv ulvn| qdqfldo

:

sN 1 Wkh sulfh ri rqh xqlw ri vhfrqg0shulrg vdih frqvxpswlrq lv ghqrwhg e| sM 1 Zkhq
wkh ulvn| lqyhvwphqw lv xqghuwdnhq lq htxloleulxp/ n A 3/ wkhq zh pxvw kdyh sN @ 41
Zkhq vdih lqyhvwphqw lv xqghuwdnhq lq htxloleulxp/ n3 A 3/ zh pxvw kdyh sM @ 4@U3 1
Zkhwkhu ru qrw uhdo vdih lqyhvwphqw lv xqghuwdnhq lq htxloleulxp/ sM lv dozd|v htxdo wr
4@+4 . u,/ dv orqj dv wkh vxsso| ri jryhuqphqw erqgv wr vdyhuv lv srvlwlyh1 Zh qrz uhvwdwh
wkh frqvxphu fkrlfh sureohp dv=
Y

@ pd{ X4 ^F4 ` . HiX5 ^M . UN`j @ pd{ Y  +F4 > M> N,
v1w1 F4 . sM M . sN N @ L
L @ Z  sM W=

+5,

Ghpdqgv iru doo wkuhh frqvxphu jrrgv duh ixqfwlrqv ri wkh sulfhv ri vhfrqg0shulrg vdih
dqg ulvn| frqvxphu jrrgv/ dqg ri qhw olihwlph zhdowk1 Zh ghqrwh wkhp e| F  ^sM > sN > L` @
F  ^sM > sN > Z sM W `> N  ^sM > sN > L` @ N  ^sM > sN > Z sM W ` dqg M  ^sM > sN > L` @ M  ^sM > sN > Z 
sM W `1 Wkh vxsso| ri F/ M/ dqg N dqg pdunhw fohdulqj zloo eh ghvfulehg lq Vhfwlrq 71
Zh dvvxph wkh ixqfwlrq Y  +F4 > M> N, lv vxfk wkdw doo wkuhh ri uvw0shulrg frqvxpswlrq/
dqg vdih dqg ulvn| vhfrqg0shulrg frqvxpswlrq duh qrupdo jrrgv1 Wkh qrupdolw| ri wkh
wkuhh jrrgv lq wxuq jxdudqwhhv wkdw doo wkuhh jrrgv duh Klfnvldq vxevwlwxwhv +jlyhq wkh
lqwhuwhpsrudoo| dgglwlyh vwuxfwxuh ri suhihuhqfhv ghvfulehg lq +5,,1 D vx!flhqw frqglwlrq
iru qrupdolw| ri doo wkuhh jrrgv lv wkdw vhfrqg shulrg xwlolw| glvsod|v ghfuhdvlqj devroxwh
ulvn dyhuvlrq +GDUD, dqg lqfuhdvlqj uhodwlyh ulvn dyhuvlrq +LUUD,1 +Iru surriv ri wkhvh
dvvhuwlrqv/ vhh Dxud/ Gldprqg/ Jhdqdnrsorv/ +4<<<,1,49
Lq frqwudvw/ zh prgho zrunhuv/ zkr dovr kdyh wzr0shulrg olihwlphv/ dv qrqvdyhuv1 Hdfk
zrunhu hduqv d zdjh/ z/ lq wkh uvw shulrg +zlwk lqhodvwlfdoo| vxssolhg oderu,/ sd|v sd|uroo
wd{hv wz lq wkh uvw shulrg/ dqg frqvxphv z  wz 1 Lq wkh vhfrqg shulrg/ zrunhuv frqvxph
vrfldo vhfxulw| ehqhwv/ e/ zklfk pd| eh udqgrp/ ohvv lqfrph wd{hv w1 Zh ghqrwh olihwlph
xwlolw| e| y dqg qrwh wkdw lw vdwlvhv=
y @ x4 ^f4 ` . Hix5 ^f5 `j @ x4 ^z  wz ` . Hix5 ^e  w`j=

+6,

Zh glvwlqjxlvk wzr vrxufhv ri wd{hv vlqfh wkh sd|uroo wd{ zloo eh xvhg iru vrfldo vhfx0
ulw|/ zkloh wkh vhfrqg shulrg lqfrph wd{ zloo eh xvhg wr sd| sduw ri wkh lqwhuhvw rq wkh
jryhuqphqw ghew rxwvwdqglqj1
Wkh odfn ri udqgrpqhvv lq lqfrph iru |rxqj zrunhuv/ z/ jxdudqwhhv d odfn ri udq0
grpqhvv lq wkh sd|0dv0|rx0jr frpsrqhqw ri wkh qdqflqj ri vrfldo vhfxulw| ehqhwv iru
frqwhpsrudqhrxv rog zrunhuv/ dv zh vkdoo vhh lq wkh qh{w vhfwlrq1

6

Jryhuqphqw dqg wkh Vrfldo Vhfxulw| V|vwhp

Lw lv dvvxphg wkdw hdfk shulrg wkh jryhuqphqw uroov ryhu rqh0shulrg ghew zlwk d ydoxh ri
J1 Wkh lqwhuhvw sd|phqwv rq wklv ghew duh qdqfhg e| wd{hv rq roghu zrunhuv dqg roghu
vdyhuv/ zlwk wkh sulqflsdo uroohg ryhu wr suhvhuyh wkh ghew rxwvwdqglqj1
Ww . qww @ Juw4 >

+7,

zkhuh wd{hv froohfwhg lq shulrg w duh xvhg wr sd| lqwhuhvw dw udwh uw4 rq ghew lvvxhg lq
shulrg w  41 Zh dvvxph wkdw wd{hv duh glylghg lq wkh sursruwlrqv d dqg 4  d/ +3 ? d ? 4,
dvvhw lv olnh d frqwlqjhqw ixwxuhv frqwudfw1 Dq lqyhvwru fdq dftxluh wkh uljkw wr ixwxuh ulvn| frqvxpswlrq
e| ex|lqj wkh ulvn| qdqfldo dvvhw +l1h1/ wkh vkduhv ru wkh ixwxuhv frqwudfw, zlwkrxw kdylqj wr dfwxdoo|
xqghuwdnh dq| ulvn| lqyhvwphqw/ surylghg wkdw kh fdq qg vrpherg| zkr lv zloolqj wr vhoo wkh dvvhw1
4 9 Iru wkh uhdghu lqwhuhvwhg lq qrq0h{shfwhg xwlolw| pd{lpl}dwlrq/ zh pxvw dvvxph wkdw
W
lv vxfk wkdw
doo wkuhh jrrgv duh qrupdo/ dqg wkdw doo sdluv ri jrrgv duh Klfnvldq vxevwlwxwhv1

T

;

jlylqj wkh shulrg dqg vwhdg|0vwdwh uhodwlrqv=
Ww @ dJuw4 > ww @ +4  d,Juw4 @q>
W @ W +u, @ dJu @ dJ+4  sM ,@sM @ W +sM ,>
w @ w+u, @ +4  d,Ju@q @ +4  d,J+4  sM ,@qsM @ w+sM ,=

+8,

Zh xvh wkh vdph v|perov W dqg w zkhwkhu ru qrw wkh| ghshqg rq u ru sM > wklv lv qrw
olnho| wr frqixvh1
Zh prgho wkh vrfldo vhfxulw| v|vwhp dv d frpelqdwlrq ri d wuxvw ixqg sd|lqj ehqhwv
rxw ri lwv hduqlqjv dqg d sd|0dv0|rx0jr v|vwhp ri wd{hv dqg ehqhwv1 Wkh vrfldo vhfxulw|
wuxvw ixqg krogv wkh ydoxh I ri jryhuqphqw ghew/ dqg wkh ydoxh n ri ulvn| dvvhwv1 Lw
wkxv krogv N i @ @sN ri ulvn| vhfrqg shulrg frqvxpswlrq +srvvleo| htxdo wr }hur dw wkh
rxwvhw,1 Ghqrwlqj wkh wrwdo ydoxh ri wkh wuxvw ixqg e| I3 / dqg vxssrvlqj wkh wuxvw ixqg
krogv rqo| vkruw0whup dvvhwv/ zh ghvfuleh wkh wuxvw ixqg exgjhw vhw lq dq| shulrg e|
I .  @ I . sN N i @ I3 =

+9,

Lw lv dvvxphg wkdw doo wkh h{fhvv uhwxuqv +ru orvvhv, hduqhg lq wkh wuxvw ixqg duh sdvvhg
gluhfwo| wr wkh rog zrunhuv1 Jlyhq wkh qhhg wr pdlqwdlq wkh wuxvw ixqg ydoxh doorfdwlrqv
lq erqgv dqg htxlw|/ I dqg / dqg jlyhq frqvwdqw sd|uroo wd{hv wz / dqg jlyhq d vwdwlrqdu|
srsxodwlrq/ vrfldo vhfxulw| ehqhwv vdwlvi| wkh shulrg dqg vwhdg|0vwdwh uhodwlrqv=
ew @ wz . ++4 . uw4 ,I  I . +UNwi4  ,,@q

+:,

i

e @ wz . +uI . +U  sN ,N ,@q=

Wkxv wkh h{shfwhg xwlolw| ri zrunhuv/ y/ vdwlvhv wkh shulrg dqg vwhdg|0vwdwh uhodwlrqv=
y @ x4 ^z  wz ` . Hix5 ^wz  w . ++4 . uw4 ,I  I . +UNwi4  ,,@q`j
@ x4 ^z  wz ` . Hix5 ^wz  w . +uI . +U  sN ,N i ,@qj
@ x4 ^z  wz ` . Hix5 ^wz  w . +uI3 . +U  +4 . u,sN ,N i ,@q`j=

+;,

Zh kdyh jlyhq +:, dqg +;, uvw dv dffrxqwlqj lghqwlwlhv +ghqlqj wkh ehqhwv iru zrunhuv,/
dqg vhfrqg dv uhodwlrqv wkdw pxvw rewdlq li wkhuh lv d vwhdg| vwdwh1 Revhuyh iurp htxdwlrq
+:, wkdw doo wkh yduldwlrqv lq ulvn| dvvhw sd|rv khog e| wkh wuxvw ixqg duh sdvvhg wkurxjk
gluhfwo| wr wkh fxuuhqw uhwluhhv1 Wkhuh lv qr ulvn vkdulqj dfurvv jhqhudwlrqv/ dv wkhuh frxog
eh lq d ghqhg ehqhwv sodq/ hlwkhu e| vsuhdglqj uhwxuq ulvnv dfurvv vhyhudo frkruwv ru
e| ydu|lqj wkh sd|uroo wd{ udwh1 Lqghhg/ zh frxog htxdoo| zhoo wklqn ri wkh vrfldo vhfxulw|
v|vwhp prghohg deryh dv d sd|0dv0|rx0jr v|vwhp wrjhwkhu zlwk d ghqhg frqwulexwlrq
v|vwhp/ shukdsv zlwk sulydwh dffrxqwv1 Zrunhuv frxog eh doorfdwhg sduw ri sd|uroo wd{hv
wr lqyhvw lq htxlwlhv/ zkloh ehqhwv zhuh ghfuhdvhg e| rqh soxv wkh lqwhuhvw udwh wlphv wkh
dprxqw vkliwhg wr sulydwh dffrxqwv1
Wkh zdjh dqg wkh sd|uroo wd{ udwh duh dvvxphg wr eh frqvwdqw ryhu wlph> wkh uhwluhphqw
ehqhwv/ krzhyhu duh iuhh wr ydu|/ dqg zloo gr vr li wkh udwhv ri uhwxuq hduqhg rq wkh wuxvw
ixqg kroglqjv ydu|1 Vlploduo|/ wkh vhfrqg0shulrg lqfrph wd{ zloo fkdqjh li wkh lqwhuhvw
udwh rq jryhuqphqw ghew fkdqjhv1
D fuxfldo sduw ri rxu dqdo|vlv lv wkdw li N i @ 3/ |rxqj zrunhuv dw wlph w  4 fdq orrn
iruzdug zlwk fhuwdlqw| wr wkh vrfldo vhfxulw| ehqhwv wkh| zloo uhfhlyh zkhq wkh| duh rog
dw wlph w1 Wkh uhwxuq uw4 wkh| zloo jhw iurp wkh wuxvw ixqg erqg lqyhvwphqw lv douhdg|
orfnhg lq1 Ixuwkhupruh/ wkh| fdq shuihfwo| suhglfw wkh sd|0dv0|rx0jr sruwlrq ri wkhlu
ehqhwv/ vlqfh/ lq vwdwlrqdu| htxloleulxp/ zdjhv ri wkh |rxqj dw wlph w duh qrqudqgrp1 Lq
uhdolw|/ ri frxuvh/ ixwxuh uhdo zdjhv fdqqrw eh suhglfwhg zlwk fhuwdlqw|1 Lq rxu mxgjphqw/
krzhyhu/ wkh| duh vxevwdqwldoo| ohvv udqgrp wkdq vwrfn uhwxuqv1 Zh vkdoo glvfxvv vrph
lpsolfdwlrqv ri uhod{lqj wkh dvvxpswlrq ri qrqvwrfkdvwlf zdjhv lq Vhfwlrq 81
<
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Vwdwlrqdu| Htxloleulxp zlwkrxw Odqg

Vwdwlrqdu| htxloleulxp lv ghqhg dv wkh vlwxdwlrq lq zklfk sulfhv dqg |rxqj vdyhuv* frq0
vxpswlrq dqg dvvhw kroglqjv duh frqvwdqw wkurxjk wlph dqg dfurvv vwdwhv ri qdwxuh1 Doo
wkdw ydulhv lv rxwsxw/ frqvxpswlrq ri wkh rog vdyhuv dqg rog zrunhuv/ dqg vrfldo vhfxulw|
ehqhwv1 Jlyhq rxu dvvxpswlrqv ri d vlqjoh frpprglw|/ dqg vwdwlrqdu| dqg lqghshqghqw
surgxfwlylw| vkrfnv/ vwdwlrqdu| htxloleulxp zloo h{lvw1
Zkhq vdyhuv xqghuwdnh ulvn| lqyhvwphqw/ sN lv htxdo wr rqh1 Vwdwlrqdu| htxloleulxp
lq wkh prgho zlwk vkruw0whup surgxfwlrq/ exw zlwkrxw odqg/ lv wkhq ghqhg e| sulfhv dqg
txdqwlwlhv +u> F4 > F5 > E> n3 > n, vxfk wkdw jlyhq u dqg wd{hv W htxdo wr W +u,/ wkh fkrlfhv
+F4 > F5 > E> n3 > n, vroyh wkh vdyhuv* rswlpl}dwlrq sureohp +4,/ dqg vxfk wkdw vdyhuv* ghpdqg
iru jryhuqphqw erqgv htxdov wkh vxsso| wr vdyhuv=
E @ J  I @ J  I3 .  @ J  I3 . sN N i
4 . u @ U3
4 . u  U3

li n3 A 3
li n3 @ 3

+<1H4,
+<1H5,

Vlqfh wkh vdyhuv duh erwk wkh ghpdqghuv dqg wkh vxssolhuv ri uhdo lqyhvwphqw/ wkh lqyhvw0
phqw pdunhwv dxwrpdwlfdoo| fohdu li vdyhuv vroyh +4,1 Pruhryhu/ wkh frqvxpswlrq pdunhw
dxwrpdwlfdoo| fohduv dv zhoo/ rqfh wkh erqg pdunhw fohduv/ li vdyhuv dfw zlwklq wkhlu exg0
jhw vhwv ghqhg e| +4,1 Wr fkhfn wklv/ zh fdq yhuli| wkdw vxsso| ri frqvxpswlrq htxdov
ghpdqg/
Z . qz . +U3  4,n3 . +U  4,n . +U  4,N i @ F4 . F5 . qf4 . qf5 =

+<1H6,

Wkh uhdghu fdq yhuli| wkdw diwhu vxevwlwxwlqj iru F4 dqg F5 iurp +4,/ f4 dqg f5 iurp +6,/
wd{hv iurp +8,/ dqg ehqhwv iurp +:,/ +<1H6, uhgxfhv wr +<1H4,1
Zh fdq dovr zulwh doo wkh pdunhw fohdulqj frqglwlrqv lq whupv ri wkh yduldeohv F  /

M / N  lqwurgxfhg lq exgjhw vhw +5,1 Wkh exgjhw vhw +5, vhsdudwhv wkh frqvxpswlrq dqg
vdylqjv ghflvlrqv ri wkh vdyhuv iurp wkh surgxfwlrq ghflvlrqv ri upv1 Iurp qrz rq zh
lqwhusuhw n3 wr eh wkh vdih surgxfwlrq fkrvhq e| wkh upv/ dqg zh lqwhusuhw n dv wkh ulvn|
surgxfwlrq fkrvhq e| wkh upv1 Vdih frqvxpswlrq pdunhw fohdulqj ehfrphv
M  +sM > sN > Z  sM W +sM ,, @ +J  I3 . ,@sM . U3 n3  W +sM ,=

+431h4,

Vdyhuv* ghpdqg iru vdih vhfrqg shulrg frqvxpswlrq pxvw mxvw phhw wkh vxsso| ri vdih
vhfrqg shulrg frqvxpswlrq wr vdyhuv/ zklfk lv htxdo wr wkh wrwdo sulqflsdo dqg lqwhuhvw
sd|phqwv ri jryhuqphqw erqgv/ ohvv zkdw lv khog e| wkh vrfldo vhfxulw| v|vwhp/ soxv wkh
vdih surgxfwlrq/ ohvv zkdw lv rzhg lq wd{hv1 Xvlqj wkh vdph yduldeohv F  / M  / dqg N  / zh
fdq dovr zulwh pdunhw fohdulqj lq wkh ulvn| jrrg pdunhw dv
N  +sM > sN > Z  sM W +sM ,, @ n  @sN =

+431h5,

Wkh vxsso| ri ulvn| vhfrqg shulrg frqvxpswlrq wr vdyhuv lv htxdo wr ulvn| surgxfwlrq/ ohvv
zkdw lv khog e| wkh vrfldo vhfxulw| v|vwhp1 Qrwh wkdw n lv qrz wkh wrwdo lqsxw wr wkh ulvn|
surgxfwlrq whfkqrorj|1
Wr frpsohwh wkh slfwxuh zh vxssrvh wkh surgxfwlrq ghflvlrqv ri wkh upv duh wdnhq wr
pd{lpl}h surw=
pd{^sM U3 n3  n3 ` . pd{^sN n  n`=
Wklv jlyhv

sM @ 4@+4 . u, @ 4@U3
 4@U3
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li n3 A 3
li n A 3

+431h6,

sn @ 4 li n A 3
 4 li n @ 3

+431h7,

Vwdwlrqdu| htxloleulxp lv qrz ghqhg dv d yhfwru +sM > sN > n3 > n, vxfk wkdw +431h4,
+431h7, krog1 Wkh uhdghu fdq fkhfn wkdw li F  / M  / N  vdwlvi| exgjhw vhw +5,/ dqg +431h4,
+431h7, krog/ wkhq wkh frqvxpswlrq jrrg pdunhw fohduv dv zhoo1
Zkhq n A 3/ htxloleulxp edvhg rq +431h4,+431h7, uhgxfhv wr wkh ghqlwlrq ri htxlole0
ulxp jlyhq e| +<1H4,+<1H5,1 Iurp +431h7,/ zh jhw sN @ 4/ dqg +431h5, ehfrphv wulyldo/
vlqfh n fdq dozd|v eh fkrvhq wr pdnh +431h5, krog1 Frqglwlrq +431h4, lv wkhq wkh vdph dv
+<1H4,/ dqg +431h6, lv wkh vdph dv +<1H5,1
Zkhq n @ 3/ htxloleulxp +431h4,+431h7, lv voljkwo| glhuhqw iurp wkdw jlyhq e| +<1H4,
+<1H5,1 Zkhq n @ 3/ vdyhuv gr qrw qg lw zruwkzkloh wr jlyh xs frqvxpswlrq zkhq |rxqj
wr lqyhvw lq ulvn| rxwsxw zkhq rog1 Lq vxfk fdvhv wkh| zrxog w|slfdoo| eh zloolqj wr vhoo
ixwxuh frqwlqjhqw jrrgv U dw d sulfh sN ? 41 Lw lv qdwxudo wr vxssrvh wkdw lq vxfk fdvhv
wkh wuxvw ixqg zrxog ex| frqwlqjhqw surplvhv iurp wkh vdyhuv dw sN ? 4/ lqvwhdg ri
sd|lqj 4 e| gluhfwo| lqyhvwlqj lq wkh ulvn| whfkqrorj|1 Htxloleulxp +431h4,+431h7, doorzv
iru wklv/ e| h{solflwo| lqfrusrudwlqj d pdunhw iru ixwxuh gholyhu| ri wkh ulvn| frqvxpswlrq
jrrg/ zlwk d sulfh sN / dv ghvfulehg lq exgjhw vhw +5,1 Wklv srvvlelolw| ehfrphv ri fhqwudo
lpsruwdqfh zkhq zh lqwurgxfh odqg dv d vhfrqg vrxufh ri ulvn| frqvxpswlrq1 Khqfh iurp
qrz rq zh wdnh exgjhw vhw +5, dqg +431h4,+431h7, dv rxu ghqlwlrq ri htxloleulxp1 Wkh
frqglwlrq ghqlqj wkh vdyhuv* kroglqjv ri jryhuqphqw erqgv E jlyhq e| +<1H4, pxvw vwloo
krog/ dqg zh frqwlqxh wr xvh E dv d frqyhqlhqw vkruwkdqg iru wkh UKV ri +<1H4,1 Exw
htxdwlrq +<1H4, zloo qrw eh wuhdwhg dv dq lqghshqghqw htxdwlrq/ vlqfh lw iroorzv iurp
+431h4,+431h7,1
Zh vkdoo uhvwulfw dwwhqwlrq wr hfrqrplhv wkdw kdyh qr vwdwlrqdu| htxloleuld lq zklfk
n3 @ 3 dqg sM @ 4@U3 / ru lq zklfk n @ 3 dqg sN @ 41 Vlqfh wkhvh duh nqlih0hgjh fdvhv/
wkh vhw ri hfrqrplhv zh gr qrw dqdo|}h lv qhjoljleoh +olwhudoo| ri phdvxuh }hur,1 Ghshqglqj
rq zkhwkhu n3 A 3 ru n3 @ 3/ dqg zkhwkhu n @ 3 ru n A 3/ htxloleulxp fdq eh rqh ri irxu
glhuhqw w|shv/ ru uhjlphv1 Wkh hhfw ri vrfldo vhfxulw| glyhuvlfdwlrq ghshqgv fuxfldoo|
rq zklfk uhjlph wkh ruljlqdo htxloleulxp lv lq/ khqfh zh dqdo|}h doo irxu fdvhv vhsdudwho|14:
Lq hdfk fdvh zh dqdo|}h wkh hhfw rq htxloleulxp ri d fkdqjh lq wuxvw ixqg lqyhvwphqw
lq ulvn| dvvhwv= g @ gI A 31 Ehfdxvh wkh zdjhv ri erwk zrunhuv dqg vdyhuv duh qrw
lq xhqfhg e| sdvw hyhqwv/ wkh hfrqrp| dfklhyhv vwdwlrqdu| htxloleulxp lq d vlqjoh shulrg
diwhu d fkdqjh lq d sdudphwhu vxfk dv wkh sruwirolr doorfdwlrq ri wkh wuxvw ixqg1 Li wkh
xqdqwlflsdwhg fkdqjh frphv dw vrph gdwh w/ wkhq jhqhudwlrqv eruq dw gdwh w dqg diwhu zloo
frqvxph dv lq wkh qhz vwhdg| vwdwh/ dqg jhqhudwlrqv eruq dw gdwh w  5 dqg ehiruh zloo
frqvxph dv lq wkh ruljlqdo vwhdg| vwdwh1 Wkh jhqhudwlrq eruq dw gdwh w  4 zloo frqvxph
dv li lw pdgh frqvxpswlrq dqg dvvhw fkrlfhv zkhq |rxqj lq wkh ruljlqdo htxloleulxp/ exw
zdv wkhq irufhg wr sd| wd{hv dqg oltxlgdwh dvvhwv dw gdwh w dw wkh qhz vwhdg| vwdwh sulfhv1
Wkxv zh frqqh rxu dqdo|vlv wr vwdwlrqdu| htxloleuld1
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Vrfldo Vhfxulw| Glyhuvlfdwlrq lq wkh Elolqhdu Fdvh

Lq wklv vhfwlrq/ zh dvvxph wkh hfrqrp| lv vxfk wkdw lq htxloleulxp erwk sk|vlfdo dvvhwv
duh khog/ n3 A 3/ n A 3/ zlwk hdfk dvvhw surylglqj frqvwdqw pdujlqdo uhwxuqv/ dv gh0
vfulehg lq Vhfwlrq 41 Lq htxloleulxp/ wkh lqwhuhvw udwh rq jryhuqphqw erqgv pxvw wkhq
eh htxdo wr wkh +h{rjhqrxvo| {hg, udwh ri uhwxuq rq wkh vdih dvvhw/ dqg wkh sulfh ri wkh
ulvn| frqvxpswlrq jrrg pxvw eh 4/ wkh frvw ri wkh ulvn| sk|vlfdo dvvhw14; Vlqfh sulfhv gr
4 : Ixuwkhupruh/ zh vkdoo suryh wkdw vpdoo fkdqjhv lq wkh wuxvw ixqg fuhdwh vpdoo fkdqjhv lq htxloleulxp1
Htxloleulxp ehiruh dqg diwhu vrfldo vhfxulw| glyhuvlfdwlrq zloo wkhuhiruh eh ri wkh vdph w|sh1
4 ; Htxloleulxp frqglwlrqv +431h6, dqg +431h7, duh wkxv htxdolwlhv/ {lqj
a '  f dqg g ' 1 Frq0
glwlrqv +431h4, dqg +431h5, duh luuhohydqw dv orqj dv wkh| fdq eh vdwlvhg zlwk f
f dqg
f1 Dv

R
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R

&:

qrw fkdqjh zkhq wkh wuxvw ixqg dowhuv lwv sruwirolr/ vdyhuv duh ohiw xqdhfwhg1 +Vlqfh wkh
lqwhuhvw udwh grhv qrw fkdqjh/ vhfrqg0shulrg wd{hv gr qrw fkdqjh/ vr wkh exgjhw vhw ri
vdyhuv lv lqghhg xqdhfwhg1, Zlwk xqfkdqjlqj sulfhv wkh| ghpdqg wkh vdph frpelqdwlrq
ri doo wkuhh frqvxpswlrq jrrgv  uvw0shulrg/ vhfrqg0shulrg vdih dqg vhfrqg0shulrg ulvn|
frqvxpswlrqv1 Wkxv/ li wkh wuxvw ixqg vhoov vrph erqgv wr vdyhuv/ wkh vdyhuv pdlqwdlq wkh
vdph olihwlph frqvxpswlrq/ dqg dovr qdqfh wkh sxufkdvh/ vlpso| e| lqyhvwlqj ohvv lq wkh
vdih whfkqrorj|1 Wkh wuxvw ixqg xvhv wkh surfhhgv ri wkh vdoh wr xqghuwdnh ulvn| lqyhvw0
phqw1 Wkxv djjuhjdwh ulvn| lqyhvwphqw jrhv xs/ djjuhjdwh vdih lqyhvwphqw jrhv grzq dqg
djjuhjdwh lqyhvwphqw lv xqfkdqjhg1 Vlqfh wkh h{shfwhg uhwxuq rq ulvn| lqyhvwphqw pxvw
h{fhhg wkh uhwxuq rq vdih lqyhvwphqw +iru erwk wr eh khog e| ulvn0dyhuvh vdyhuv,/ h{shfwhg
djjuhjdwh rxwsxw jrhv xs1 Wr vhh wklv/ qrwh wkdw zlwk sN @ 4/ wkh vdyhuv* uvw rughu
frqglwlrq vdwlvhv=
X43 ^F4 ` @ HiX53 ^F5 `+4 . u,j @ HiX53 ^F5 `Uj>

+44,

+E| k|srwkhvlv/ vdyhuv krog erwk wkh ulvn| dvvhw dqg wkh vdih dvvhw/ dqg vr pxvw eh
lqglhuhqw dw wkh pdujlq ehwzhhq wkh wzr dvvhwv,1 Vlqfh F5 dqg U duh shuihfwo| fruuhodwhg/
X53 ^F5 ` dqg U duh qhjdwlyho| fruuhodwhg1 Khqfh wkh htxdolw| ri h{shfwdwlrqv fdq rqo| krog
li HiUj A 4 . u @ U3 1
Li wkh wuxvw ixqg lqlwldoo| kdv rqo| d vpdoo dprxqw ri wkh ulvn| dvvhw/ wklv srolf| lv d
+zhdn, Sduhwr jdlq  vdyhuv duh qrw dhfwhg dqg zrunhuv jdlq vlqfh wkh zrunhuv duh qrw
ulvn dyhuvh iru wkh uvw elw ri lqyhvwphqw lq ulvn| dvvhwv1 Wr vhh wklv/ frqvlghu wkh fkdqjh lq
zrunhu h{shfwhg xwlolw| +qrwlqj wkdw lqwhuhvw udwhv u dqg wkhuhiruh wd{hv w duh xqdhfwhg,
dvvxplqj wkdw  @ N i lv }hur=
gy@g @ Hix35 ^f5 `++U  4  u,@q  gw@g . I3 +gu@g,@q,j
@ Hix35 ^f5 `+U  4  u,j@q
@ x35 ^f5 `Hi+U  4  u,j@q A 3=

+45,

Wkh odvw htxdolw| lv rewdlqhg e| qrwlqj wkdw vhfrqg shulrg frqvxpswlrq ri zrunhuv lv
fhuwdlq/ khqfh vr lv vhfrqg shulrg pdujlqdo xwlolw|/ vr lw pd| eh eurxjkw rxwvlgh ri wkh
h{shfwdwlrq rshudwru1 Wkh qdo lqhtxdolw| iroorzv iurp wkh h{fhvv h{shfwhg ulvn| uhwxuq
ghulyhg deryh1 Wkxv zh kdyh vkrzq
Sursrvlwlrq 4 Vxssrvh erwk wkh vdih dqg ulvn| dvvhwv duh khog lq vwdwlrqdu| htxloleulxp
+lq srvlwlyh txdqwlwlhv,1 Wkhq lqfuhdvhg wuxvw ixqg lqyhvwphqw lq ulvn| dvvhwv zloo udlvh
djjuhjdwh ulvn| lqyhvwphqw/ orzhu djjuhjdwh vdih lqyhvwphqw/ ohdyh djjuhjdwh lqyhvwphqw
xqfkdqjhg dqg lqfuhdvh h{shfwhg rxwsxw1 Li wkh wuxvw ixqg lqlwldoo| khog qr ulvn| dvvhwv/
wkhq wkh glyhuvlfdwlrq zloo ohdg wr d zhdn Sduhwr lpsuryhphqw/ lqfuhdvlqj wkh xwlolw| ri
wkh |rxqj zrunhuv dqg ohdylqj wkh xwlolw| ri wkh rog zrunhuv dqg doo vdyhuv xqfkdqjhg1
Wkh htxlw| suhplxp lv ghqhg dv wkh glhuhqfh ehwzhhq wkh h{shfwhg uhwxuq rq wkh
ulvn| lqyhvwphqw dqg wkh uhwxuq rq wkh vdih lqyhvwphqw/ HiUj  +4 . u,1 Vlqfh wkh
htxlw| suhplxp pxvw eh frqvlvwhqw zlwk wkh sruwirolr fkrlfh ri ulvn0dyhuvh vdyhuv +zkr
krog d vwulfwo| srvlwlyh txdqwlw| ri ulvn| dvvhwv e| k|srwkhvlv,/ lw pxvw eh srvlwlyh lq
htxloleulxp1 Dv orqj dv wkh htxlw| suhplxp lv srvlwlyh/ wkhuh lv dq h{shfwhg xwlolw| jdlq
wr zrunhuv iurp glyhuvlfdwlrq lq d prgho zkhuh wkh| ehdu qr rwkhu ulvn/ vlqfh wkhq
Hix35 ^f5 `+U  4  u,j @ x35 ^f5 `HiU  4  uj A 31
Wkh fuxfldo vwhs lq wklv dujxphqw lq idyru ri vrfldo vhfxulw| glyhuvlfdwlrq lv wkh sdud0
gr{lfdo fodlp wkdw zrunhuv duh pruh ulvn wrohudqw rq wkh pdujlq wkdq vdyhuv1 Rqh pljkw
phqwlrqhg hduolhu lq Vhfwlrq 7/ htxloleulxp lv htxlydohqwo| ghqhg lq wklv uhjlph e| +431h4,+431h7, ru
+<1H4,+<1H5,1
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vxvshfw wkh frqwudu|/ wkdw vdyhuv duh pruh ulvn wrohudqw wkdq zrunhuv/ doo hovh ehlqj htxdo1
Wkdw lv/ lw pd| zhoo eh wkdw wkh zrunhu xwlolw| x lv d frqfdyh wudqvirupdwlrq ri wkh vdyhu
xwlolw| X/ wkhuhe| glvsod|lqj pruh ulvn dyhuvlrq dw dq| ohyho ri frqvxpswlrq1 Dqg zrunhuv
kdyh orzhu lqfrphv rq dyhudjh wkdq vdyhuv/ zklfk dovr pdnhv wkhp pruh ulvn dyhuvh/ jlyhq
dq dvvxpswlrq ri ghfuhdvlqj devroxwh ulvn dyhuvlrq1 Exw doo hovh lv qrw htxdo1 Wkh vdyhuv
krog wkh hqwluh ulvn| fdslwdo vwrfn ri wkh qdwlrq/ zkloh wkh zrunhuv krog qrqh +li N i lv
}hur,1 Rxu surri wkdw wkhuh duh zhoiduh ehqhwv iurp vrfldo vhfxulw| glyhuvlfdwlrq jrhv
wkurxjk qr pdwwhu krz pxfk pruh ulvn dyhuvh x lv wkdq X / dqg qr pdwwhu krz srru wkh
zrunhuv duh1 Lw rqo| qhhghg wkdw erwk x dqg X duh glhuhqwldeoh/ dqg wkdw zrunhuv duh
qrw h{srvhg wr dq| vwrfn pdunhw ulvn ru rwkhu ulvnv fruuhodwhg zlwk vwrfn pdunhw ulvn1
Lq uhdolw|/ zrunhuv* uhwluhphqw lqfrph lv qrw frpsohwho| lqghshqghqw ri vwrfn uhwxuqv1
Vrfldo vhfxulw| ehqhwv duh frqqhfwhg e| dq h{solflw irupxod wr uhdo zdjhv1 Ryhu uhwluhphqw
krul}rqv dv orqj dv wkluw| |hduv/ wkhuh lv frqvlghudeoh fryduldqfh ehwzhhq uhdo zdjhv dqg
vwrfn uhwxuqv1 Wkh txhvwlrq wkhq ehfrphv/ krz elj lv zrunhu h{srvxuh wr vwrfnv/ krz
elj lv wkh htxlw| suhplxp/ dqg krz ulvn dyhuvh duh zrunhuvB Dgguhvvlqj wklv txhvwlrq lq
ghwdlo lv eh|rqg wkh vfrsh ri wklv sdshu1 Qrwh/ krzhyhu/ wkdw li wkh zrunhuv* dqg vdyhuv*
xwlolwlhv x dqg X glvsod| vlplodu ulvn dyhuvlrq/ dqg erwk glvsod| lqfuhdvlqj uhodwlyh ulvn
dyhuvlrq/ wkhq wkh srruhu zrunhuv vkrxog kdyh d kljkhu iudfwlrq ri wkhlu zhdowk lqyhvwhg
lq vwrfnv wkdq wkh ulfkhu vdyhuv1 Rxu mxgjphqw lv wkdw diwhu surshuo| fdoleudwlqj wkh vwrfn
h{srvxuh lpsolflw lq djjuhjdwh zdjhv/ rqh zrxog frph wr wkh frqfoxvlrq wkdw wkh dyhudjh
zrunhu lv ohvv h{srvhg wr vwrfn uhwxuqv wkdq vdyhuv1 Dw wkh srlqw zkhuh wkh wuxvw ixqg
krogv qr vwrfn/ lw vhhpv yhu| olnho| wr xv wkdw wkh dyhudjh zrunhu zrxog eh ehwwhu r
e| vrph lqyhvwlqj lq htxlw|1 Wkh frqyhuvh zrxog krog rqo| li lw zrxog eh rswlpdo iru
vxfk d zrunhu mxvw vwduwlqj wr vdyh/ wr krog d sruwirolr zlwk qr vwrfnv dw doo1 Krzhyhu/
zkdw lv ehvw iru wkh dyhudjh zrunhu pd| qrw eh ehvw iru hyhu| zrunhu1 Wkrxjk rxu prgho
kdv dvvxphg wkdw doo zrunhuv duh lghqwlfdo/ lq uhdolw| vrph zrunhuv pd| eh idu pruh ulvn
dyhuvh/ vr wkdw iru wkhp dq| dgglwlrqdo vwrfn h{srvxuh pd| eh edg/ suhyhqwlqj vrfldo
vhfxulw| glyhuvlfdwlrq iurp ehlqj d Sduhwr jdlq +Shvwlhdx dqg Srvvhq/ 4<<<,1 Krzhyhu/
lq frqvlghulqj d pruh jhqhudo vhwwlqj zlwk khwhurjhqhrxv zrunhuv/ wkh uhdghu vkrxog ehdu
lq plqg wkdw wkh orzhvw lqfrph zrunhuv zrxog eh surwhfwhg e| wkh vdihw| qhw +VVL,1
E| wkh vdph orjlf xvhg lq wkh surri ri sursrvlwlrq 4 iru rxu uhsuhvhqwdwlyh zrunhu
prgho/ ixuwkhu lqfuhdvhv lq vrfldo vhfxulw| ulvn| dvvhw kroglqjv zrxog dovr eh zhdn Sduhwr
jdlqv xqwlo wkh rswlpdo sruwirolr iru zrunhuv zdv uhdfkhg/ xqohvv wkh vdyhu*v kroglqjv ri wkh
vdih uhdo lqyhvwphqw uhdfkhg }hur uvw1 Lq frqvlghulqj wkh rswlpdo ohyho ri vrfldo vhfxulw|
glyhuvlfdwlrq/ zh qrwh wkdw vlqfh vrfldo vhfxulw| ehqhwv ehfrph pruh fruuhodwhg zlwk
vwrfn uhwxuqv dv glyhuvlfdwlrq lqfuhdvhv/ wkh zhoiduh ehqhwv wr ixuwkhu glyhuvlfdwlrq
ghfolqh1 Wkh surri ri Sursrvlwlrq 4 lv wkxv dq dujxphqw iru olplwhg glyhuvlfdwlrq1
Wkh zhoiduh jdlqv iurp vrfldo vhfxulw| glyhuvlfdwlrq ghvfulehg lq Sursrvlwlrq 4 vrxqg
vxshufldoo| vlplodu wr wkh srsxodu dujxphqw uhshdwhgo| vhhq lq wkh suhvv derxw wkh h{fhvv
uhwxuq vwrfnv kdyh wudglwlrqdoo| hduqhg ryhu erqgv1 Krzhyhu/ iru wkh w|slfdo vdyhu/ Sursr0
vlwlrq 4 fodlpv qr +h{ dqwh, jdlq iurp vrfldo vhfxulw| glyhuvlfdwlrq/ ghvslwh wkh htxlw|
suhplxp1 Qru zrxog lw li vdyhuv zhuh dovr fryhuhg e| vrfldo vhfxulw| +h{fhsw iru vrph
vdyhuv zkr zhuh 433( lq vwrfnv lq wkhlu sruwirolr dqg zdqwhg vrph ri vrfldo vhfxulw| wr
eh lq vwrfn dv zhoo,1 Rq wkh pdujlq/ vdyhuv vkrxog qrw h{shfw dq| h{fhvv uhwxuq wr vwrfnv
lq xwlolw| whupv1 Iru hyhu| groodu lq wkh dfwxdo vrfldo vhfxulw| wuxvw ixqg wkdw lv vkliwhg
wr htxlw|/ wkh zhoiduh jdlqv ghvfulehg lq Sursrvlwlrq 4 rqo| dsso| wr wkdw iudfwlrq ri hdfk
groodu wkdw jrhv wr vxssruw wkh ehqhwv ri zrunhuv zlwk olwwoh qdqfldo zhdowk zkr gr qrw
eruurz/ dqg duh wkhuhiruh kroglqj qr vwrfnv14< Li wkhuh zhuh qr vxfk srru/ frqvwudlqhg
4 < Vrph zrunhuv duh xqdeoh wr krog vwrfnv ehfdxvh wkh| kdyh qrw vdyhg hqrxjk1 Rwkhuv gr qrw krog
vwrfnv hyhq wkrxjk wkh| frxog1 Vrph ri wkh odwwhu pd| qrw eh rswlpl}lqj dqg zrxog dovr jdlq iurp wkh
glyhuvlfdwlrq/ zkloh vrph pd| qrw kdyh ehhq zloolqj wr ehdu wkh frvw ri ohduqlqj derxw vwrfnv dqg zrxog
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zrunhuv/ dv lv wkh fdvh lq d uhsuhvhqwdwlyh djhqw prgho zlwk rqo| udwlrqdo vdyhuv/ d vpdoo
hqrxjk fkdqjh lq wuxvw ixqg sruwirolr srolf| zrxog kdyh qr hhfwv dw doo153
Rxu mxgjphqw wkdw qrqvdyhuv duh ohvv ulvn dyhuvh rq wkh pdujlq wkdq vdyhuv jlyhv ulvh
wr wkh vdph zhoiduh ehqhwv wr glyhuvlfdwlrq lq doo ri rxu vxevhtxhqw prghov1 Wklv hhfw
lv shukdsv frqwuryhuvldo1 Lw lv qrw frqwuryhuvldo wkdw d vxevwdqwldo iudfwlrq ri Dphulfdq
zrunhuv odfn wkh uhvrxufhv wr xqgr lq wkhlu sulydwh sruwirolrv zkdw wkh vrfldo vhfxulw| wuxvw
ixqg pljkw gr rq wkhlu ehkdoi1 Li wkh whfkqrorj| lv qrw shuihfwo| hodvwlf/ wkhq wkh suhvhqfh
ri wkhvh qrqvdyhuv zloo irufh vdyhuv wr dowhu wkhlu sruwirolr kroglqjv diwhu vrfldo vhfxulw|
glyhuvlfdwlrq1 Wklv lpsolhv wkdw vrfldo vhfxulw| glyhuvlfdwlrq pxvw kdyh uhdo hhfwv/
zklfk zh lqyhvwljdwh lq wkh iroorzlqj prghov1 Wkhvh uhdo hhfwv/ lqfoxglqj dgglwlrqdo
zhoiduh hhfwv iurp fkdqjlqj dvvhw sulfhv dqg wd{hv/ gr qrw ghshqg rq rxu dvvhvvphqw ri
wkh pdujlqdo ulvn dyhuvlrq ri qrqvdyhuv1 Lqghhg/ suhflvho| ehfdxvh wkh| gr qrw vdyh/ wkh
hhfw ri vrfldo vhfxulw| glyhuvlfdwlrq rq dvvhw sulfhv dqg wd{hv lv lqghshqghqw ri wkhlu
+pdujlqdo, ulvn wrohudqfh1
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Vrfldo Vhfxulw| Glyhuvlfdwlrq lq wkh Ulvn| Olqhdu
Fdvh

Lw lv xquhdolvwlf wr vxssrvh wkdw whfkqrorj| {hv wkh uhwxuqv rq vdih dqg ulvn| dvvhwv/
lqghshqghqw ri suhihuhqfhv1 Zh wdnh d vwhs wrzdug uhdolvp e| prylqj wr hfrqrplhv
lq zklfk wkh vhfrqg w|sh ri htxloleulxp suhydlov/ dqg wkh uhwxuq rq jryhuqphqw erqgv
lv hqgrjhqrxv1 Lq wklv uhjlph/ n3 @ 3 dqg n A 31 +Wkhuh duh qr vdih lqyhvwphqwv
xqghuwdnhq lq htxloleulxp dw doo/ exw zh pdlqwdlq wkh h{lvwhqfh ri dq xqolplwhg qxpehu
ri ulvn| lqyhvwphqw rssruwxqlwlhv |lhoglqj wkh vdph glvwulexwlrq ri uhwxuqv/ vrph ri zklfk
duh xqghuwdnhq1, Jlyhq wkh frqvwdqw pdujlqdo uhwxuqv wr ulvn| lqyhvwphqwv/ htxloleulxp
uhtxluhv sN @ 41 Wkh lqwhuhvw udwh rq jryhuqphqw ghew lv ghwhuplqhg e| wkh vxsso| dqg
ghpdqg iru erqgv154 Zh vwdwh wklv pdunhw fohdudqfh htxdwlrq uvw lq jhqhudo whupv/ iurp
+431h4,/ dqg wkhq/ xvlqj wkh ydoxh ri sN / dqg wkh exgjhw frqvwudlqw lq +5,/ dqg qdoo|/ wkh
htxdwlrq iru wd{hv/ +8,/ zh vwdwh lw dv d vlqjoh htxdwlrq lq d vlqjoh yduldeoh1
J  I3 .  @ sM M  +sM > sN > Z  sM W +sM ,, . sM W +sM ,>
+46,
i


J  I3 . N @ Z  F ^sM > 4> Z  sM W +sM ,`  N ^sM > 4> Z  sM W +sM ,`
@ Z  F  ^sM > 4> Z  +4  sM ,dJ`  N  ^sM > 4> Z  +4  sM ,dJ`=

Wkxv/ zlwk sN @ 4/ zh kdyh d vlqjoh htxdwlrq wr ghwhuplqh wkh hqgrjhqrxv sulfh ri vhfrqg0
shulrg vdih frqvxpswlrq1 Qrwh wkdw zlwk J/ I3 / dqg Z doo {hg/ wkh uhvsrqvh ri djjuhjdwh
lqyhvwphqw/ N  . N i / wr sruwirolr srolf| lv plqxv wkh uhvsrqvh ri wkh frqvxpswlrq ri
vdyhuv/ F  1
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Lqfrph Wd{hv/ wkh Lqwhuhvw Udwh/ dqg wkh Uhglvwulexwlrq ri
Lqfrph

Lq wkh devhqfh ri wkh shuihfwo| hodvwlf vdih whfkqrorj|/ d wuxvw ixqg vkliw lqwr ulvn| dvvhwv
zloo udlvh wkh vxsso| ri erqgv dydlodeoh wr wkh vdyhuv/ dqg olnho| fkdqjh wkh pdunhw fohdulqj
dovr jdlq vlqfh wkh| gr qrw kdyh wr sd| d frvw li lqyhvwphqw lv grqh fhqwudoo|1 Krzhyhu/ zrunhuv vr ulvn
dyhuvh wkdw wkh| vkrxog krog qr vwrfnv zrxog orvh iurp glyhuvlfdwlrq/ dv qrwhg deryh1 Vrph zrunhuv
pd| plvwdnhqo| eh ryhulqyhvwhg lq vwrfnv dqg zrxog dovr orvh iurp wuxvw ixqg glyhuvlfdwlrq li wkh| gr
qrw uhgxfh wkhlu vwrfnkroglqjv lq uhvsrqvh wr wuxvw ixqg lqyhvwphqw1
5 3 Wklv kdv ehhq qrwhg e| Vphwwhuv/ +4<<:, dqg Erkq +4<<:/ 4<<;,1
5 4 Wkxv frqglwlrq +431h6, uhgxfhv wr

f / dqg lv luuhohydqw/ dqg +431h7, ehfrphv g ' / dqg
a
+431h5, lv dxwrpdwlfdoo| vdwlvhg zlwk d vxlwdeoh fkrlfh ri 1 Wkh rqo| qrqwulyldo htxloleulxp frqglwlrq lv
+431h4,1 Rqfh djdlq htxloleulxp lv htxlydohqwo| ghvfulehg e| +431h4,+431h7, dqg +<1H4,+<1H5,1
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lqwhuhvw udwh1 D fkdqjh lq wkh lqwhuhvw udwh kdv dq lpphgldwh zhoiduh hhfw rq vdyhuv/
wkurxjk wkhlu exgjhw vhw/ dqg rq zrunhuv/ wkurxjk wkh sd|phqwv rq wkh wuxvw ixqg kroglqjv
ri erqgv1 Lq dgglwlrq/ dq| fkdqjh lq wkh lqwhuhvw udwh +zlwk qr fkdqjh lq jurvv ghew
rxwvwdqglqj, uhtxluhv d fkdqjh lq lqfrph wd{hv wr fryhu lqwhuhvw frvwv1 Zh suhvhqw wkhvh
wzr zhoiduh lpsolfdwlrqv ri fkdqjlqj lqwhuhvw udwhv ehiruh wxuqlqj wr wkh ghwhuplqdwlrq ri
wkh fkdqjh lq wkh lqwhuhvw udwh1
Iurp +5,/ +431h4,/ +<1H4,/ wkh ghqlwlrq ri wd{hv jlyhq lq +8,/ dqg wkh hqyhorsh wkhruhp/
zh nqrz wkdw wkh fkdqjh lq xwlolw| wr vdyhuv iurp d fkdqjh lq sM lv jlyhq e|
CY @CsM @
@
@
@

X43 iM   g^sM W +sM ,`@gsM j
X43 i^+J  I3 . ,  +4  sM ,dJ`@sM  g^+4  sM ,dJ`@gsM j
X43 i^E  +4  sM ,dJ`@sM  g^+4  sM ,dJ`@gsM j
X43 ^E  dJ`@sM =

+47,

Khqfh/ li wkh vkduhv ri pdujlqdo vhfrqg0shulrg wd{hv sdlg e| vdyhuv dqg zrunhuv gr qrw
pdwfk wkhlu vkduhv lq wkh kroglqj ri jryhuqphqw ghew +gluhfwo| e| vdyhuv dqg lqgluhfwo|
wkurxjk vrfldo vhfxulw| iru zrunhuv,/ d fkdqjh lq wkh lqwhuhvw udwh fdxvhv d uhglvwulexwlrq
ri lqfrph1 Uhfrjql}lqj wkdw sM lv wkh rqo| hqgrjhqrxv sulfh/ lw iroorzv iurp +47, wkdw wkh
uhvsrqvh ri h{shfwhg xwlolw| wr wuxvw ixqg sruwirolr glyhuvlfdwlrq vdwlvhv=
gY@g @ iX43 ^E  dJ`@sM jigsM @gj=

+48,

Zh fdq dovr orrn dw wkh zhoiduh hhfwv rq vdyhuv dqg zrunhuv lq xqlwv ri vhfrqg shulrg
frqvxpswlrq1 Wklv lv khosixo zkhq frqvlghulqj zrunhu dqg vdyhu zhoiduh wrjhwkhu/ vlqfh d
fkdqjh lq lqwhuhvw udwh dhfwv zrunhuv rqo| lq wkhlu rog djh/ dqg vlqfh wkh| gr qrw vdyh/
wkhuh lv qr frqqhfwlrq ehwzhhq wkhlu lqwhuwhpsrudo pdujlqdo udwh ri vxevwlwxwlrq dqg wkh
lqwhuhvw udwh1 Zkhq orrnlqj dw vhfrqg shulrg frqvxpswlrq/ lw lv dovr pruh frqyhqlhqw wr
xvh u udwkhu wkdq sM 1 Iurp exgjhw vhw +4, dqg wkh dvvxpswlrq wkdw n3 @ 3/ zh kdyh wkdw
E @ Z  F   N  / vr zh fdq zulwh wkh h{shfwhg xwlolw| ri d frkruw ri vdyhuv dv d ixqfwlrq
ri u dv=
+49,
Y @ X4 ^F  ` . HiX5 ^+Z  F   N  ,+4 . u, . UN   W +u,`j
zkhuh u lv wkh hqgrjhqrxv lqwhuhvw udwh1 E| wkh hqyhorsh wkhruhp/ wkh fkdqjhv lq u dqg
W kdyh d gluhfw lpsdfw rq h{shfwhg xwlolw|/ exw wkh lqgluhfw fkdqjhv gurs rxw1 Wkxv wkh
fkdqjh lq olihwlph h{shfwhg xwlolw| iurp dq lqfuhdvh lq wuxvw ixqg kroglqjv ri fdslwdo +dqg
vr d ghfuhdvh lq wuxvw ixqg kroglqjv ri jryhuqphqw ghew, vdwlvhv=
gY @g @ HiX53 j+E+gu@g,  gW @g,
@ HiX53 j+E+gu@g,  dJ+gu@g,,
@ HiX53 j+E  dJ,+gu@g,=

+4:,

Wkdw lv/ vdyhuv orvh iurp dq| lqfuhdvh lq wkh jryhuqphqw erqg lqwhuhvw udwh wr wkh h{whqw
wkdw wkhlu uhodwlyh kroglqjv ri jryhuqphqw ghew duh ohvv wkdq wkhlu vkduh ri pdujlqdo wd{hv
wr fryhu lqwhuhvw frvwv1 Li d htxdov E@J/ wkhq vdyhuv duh qrw dhfwhg e| d pdujlqdo fkdqjh
lq wuxvw ixqg lqyhvwphqw srolf|155
Zrunhuv duh dhfwhg e| wuxvw ixqg lqyhvwphqw dqg e| wkh lpsdfw ri wkh lqwhuhvw udwh
rq ehqhwv dqg wd{hv1 Glhuhqwldwlqj h{shfwhg olihwlph xwlolw| ri zrunhuv jlyhq e| wkh odvw
olqh ri +;,/ dqg vhwwlqj sn @ 4 dqg  @ N i / dqg wkhq xvlqj wkh ghqlwlrq ri wd{hv iurp

@

*C

5 5 Dfwxdoo|/ li
'
/ wkhq vdyhuv rewdlq d vhfrqg rughu ehqhw iurp wuxvw ixqg glyhuvlfdwlrq/
dvvxplqj
lv qrw 31
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+8, dqg wkh erqg fohdulqj htxdwlrq +<H14,/ zh kdyh=
gy@g @ Hix35 ++U  4  u,@q  gw@g . +I3  ,+gu@g,@q,j
@ Hix35 +U  4  u . +I  +4  d,J,+gu@g,j@q
@ Hix35 +U  4  u,j@q  Hix35 j+E  dJ,+gu@g,@q=

+4;,

Glyhuvlfdwlrq dhfwv zrunhuv wkurxjk wzr fkdqqhov1 Dv zdv wkh fdvh lq wkh elolqhdu
uhjlph/ wkh h{shfwhg xwlolw| ri zrunhuv lqfuhdvhv iurp ehdulqj vrph ulvn li wkh| zhuh
ehdulqj qrqh ehiruh glyhuvlfdwlrq1 Lq dgglwlrq/ wkh hhfw rq zrunhuv iurp wkh fkdqjh
lq wkh lqwhuhvw udwh kdv wkh rssrvlwh vljq iurp lwv hhfw rq vdyhuv/ dv fdq eh vhhq e|
frpsdulqj +4:, dqg +4;,1 Li d lv htxdo wr E@J/ wkhq wklv hhfw lv }hur dqg zrunhuv rqo|
jdlq iurp lpsuryhg ulvn| lqyhvwphqw1 Zkhq d @ E@J/ zh kdyh d +zhdn, Sduhwr jdlq/ dv
lq wkh elolqhdu fdvh
Rog vdyhuv dqg rog zrunhuv dw wkh wlph glyhuvlfdwlrq lv uvw lpsohphqwhg duh qrw
dhfwhg/ lq d prgho zlwkrxw odqg1 Vlqfh +lq vwhdg| vwdwh, doo rwkhu jhqhudwlrqv duh wuhdwhg
v|pphwulfdoo|/ dq| vrfldo zhoiduh ixqfwlrq pljkw dv zhoo eh zulwwhq lq whupv ri rqh jhq0
hudwlrq1 Ghqrwlqj wkh vrfldo hydoxdwlrq ri wkh pdujlqdo xwlolw| ri vhfrqg0shulrg vdih frq0
vxpswlrq ri d zrunhu uhodwlyh wr wkdw ri d vdyhu e| p/ wkh lpsdfw rq d vrfldo zhoiduh
ixqfwlrq +VZI, htxdo wr wkh zhljkwhg vxp ri lqglylgxdo h{shfwhg xwlolwlhv vdwlvhv=
gVZ I@g @ piqgy@gj . 4igY @gj
@ pHix35 +U  u  4,j  Hipx35  X53 j+E  dJ,gu@g=

+4<,

Wkxv wkhuh lv d gluhfw xwlolw| jdlq iurp lpsuryhg ulvn ehdulqj dqg d uhglvwulexwlyh whup/
zklfk ydqlvkhv li d htxdov E@J1 Li wkhuh lv dq lqfrph glvwulexwlrq fkdqjh iurp wkh
wudqvihu ehwzhhq vdyhuv dqg zrunhuv/ lwv hhfw ghshqgv rq wkh gluhfwlrq ri wudqvihu dqg
wkh vljq ri Hipx35  X53 j1 Lq sduwlfxodu/ li zh fkrrvh p vr wkdw rqh xqlw ri vhfrqg0shulrg
vdih frqvxpswlrq jlyhv wkh vdph pdujlqdo vrfldo zhoiduh wr hyhu| rog djhqw/ wkhq wkh
uhglvwulexwlrq whup gursv rxw dqg wrwdo xwlolw| lv lqfuhdvhg e| glyhuvlfdwlrq1
Zkhwkhu E A dJ ghshqgv rq wkh vl}h ri wkh wuxvw ixqg dqg krz wd{ srolf| uhvsrqgv
wr lqfuhdvhg lqwhuhvw frvwv1 Li I @ 3/ wkhq E @ J A dJ/ dqg dq lqfuhdvh lq lqwhuhvw udwhv
khosv vdyhuv/ ehfdxvh iru hyhu| h{wud groodu lq lqwhuhvw uhfhlswv uhfhlyhg/ wkh| sd| rqo| d
? 4 grooduv h{wud lq wd{hv1 Rq wkh rwkhu kdqg/ li wkh wuxvw ixqg krogv doo wkh jryhuqphqw
erqgv/ wkhq E @ 3 ? dJ/ dqg vdyhuv orvh iurp dq lqfuhdvh lq lqwhuhvw udwhv156
Lq uhdolw|/ wkh vrfldo vhfxulw| wuxvw ixqg sd|v ehqhwv wr qrqvdyhuv dqg vdyhuv1 Exw
ehfdxvh ri wkh uhglvwulexwlyh qdwxuh ri wkh vrfldo vhfxulw| ehqhw uxohv/ qrqvdyhuv kdyh d
fodlp rq ehqhwv wkdw h{fhhgv wkhlu vkduh ri lqfrph1 Dw wkh hqg ri 4<<</ wkh wuxvw ixqg
zdv qhduo| '<33 eloolrq/ dqg lqfuhdvlqj udslgo|1 Li lw lv qrw wkh fdvh qrz/ vxuho| lq d ihz
|hduv E ? dJ zloo eh pruh sodxvleoh wkdq E A dJ1 Rqfh wkh wuxvw ixqg lv elj uhodwlyh
wr wkh rxwvwdqglqj vwrfn ri jryhuqphqw erqgv/ lqwhuhvw udwh lqfuhdvhv fdq eh h{shfwhg wr
khos zrunhuv dqg kxuw vdyhuv1
Sursrvlwlrq 5d Vxssrvh wkhuh duh qr orqj0olyhg dvvhwv/ dqg qr vdih uhdo dvvhwv khog lq
htxloleulxp1 Vxssrvh wkhuh duh frqvwdqw pdujlqdo uhwxuqv wr ulvn| lqyhvwphqw/ dqg wkdw
ulvn| lqyhvwphqwv duh xqghuwdnhq lq htxloleulxp1 Vxssrvh wkdw wkh vkduh ri wd{hv ri vdyhuv
5 6 Wr frqvlghu zkr lq uhdolw| lv d qhw uhfhlyhu ri jryhuqphqw erqg lqwhuhvw sd|phqwv/ qhw ri wkh wd{hv
ohylhg wr sd| iru wkhp/ zh qhhg wr frqvlghu zklfk wd{hv duh udlvhg li lqwhuhvw frvwv duh kljkhu1 Li lw lv mxvw
wkh lqfrph wd{ lqfuhdvhg/ wkhq orz lqfrph shrsoh duh qrw wd{hg dw doo1 Krzhyhu/ li wkh hduqhg lqfrph
wd{ fuhglw lv dowhuhg dorqj zlwk wkh lqfrph wd{ +ylrodwlqj rxu dvvxpswlrq wkdw lw lv wd{hv rq roghu zrunhuv
wkdw duh dgmxvwhg,/ wkhq wkh lpsdfw lv wkurxjkrxw wkh lqfrph glvwulexwlrq1 D uhdolvwlf fdvh zrxog lqghhg
frqvlghu wd{ fkdqjhv rq |rxqj zrunhuv dqg vdyhuv dv zhoo dv rq rog1 Wkdw zrxog kdyh dgglwlrqdo hhfwv/
zklfk zh duh qrw wu|lqj wr dqdo|}h1
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lv dw ohdvw dv odujh dv wkhlu vkduh ri erqg kroglqjv/ E  dJ/ dqg wkdw doo wkuhh ghpdqgv duh
qrupdo1 Wkhq/ wuxvw ixqg sxufkdvhv ri wkh ulvn| lqyhvwphqw lqfuhdvh wkh lqwhuhvw udwh rq
jryhuqphqw ghew/ dqg lqfuhdvh djjuhjdwh uhdo lqyhvwphqw/ wkrxjk e| ohvv wkdq wkh txdqwlw|
ri wkh wuxvw ixqg sxufkdvhv1
Sursrvlwlrq 5e Pruhryhu/ vwduwlqj iurp d wuxvw ixqg sruwirolr hqwluho| lq erqgv/ gl0
yhuvlfdwlrq udlvhv wkh h{shfwhg xwlolw| ri zrunhuv lq hyhu| jhqhudwlrq +h{fhsw wkh ruljlqdo
rog/ zkr duh xqdhfwhg,1 Li lq dgglwlrq/ E @ dJ/ wkhq wuxvw ixqg glyhuvlfdwlrq grhv qrw
dhfw wkh xwlolw| ri |rxqj vdyhuv lq hyhu| jhqhudwlrq +xs wr uvw rughu/ lqfuhdvlqj lw xs wr
vhfrqg rughu,1 Li lqvwhdg/ E ? dJ/ wkhq glyhuvlfdwlrq +zlwkrxw dq| rwkhu srolf| fkdqjhv,
orzhuv wkh xwlolw| ri |rxqj vdyhuv lq hyhu| jhqhudwlrq1 Qhyhuwkhohvv/ zkhq E  dJ/ wuxvw
ixqg sxufkdvhv ri ulvn| lqyhvwphqw lqfuhdvh wkh zhljkwhg vxp ri xwlolw| ri doo zrunhuv dqg
vdyhuv/ zhljkwhg vr wkdw wkh pdujlqdo vrfldo xwlolw| ri vhfrqg0shulrg frqvxpswlrq lv wkh
vdph iru doo1
Jlyhq wkh wuxwk ri Sursrvlwlrq 5d/ htxdwlrqv +4:,/ +4;,/ dqg +4<, ghprqvwudwh Sursr0
vlwlrq 5e1

915

Lqwhuhvw Udwh

Wr suryh Sursrvlwlrq 5d/ lw uhpdlqv wr h{dplqh wkh hhfw ri glyhuvlfdwlrq rq wkh lqwhuhvw
udwh dqg rq wkh ohyho ri djjuhjdwh lqyhvwphqw1 Vxssrvh zh duh lq htxloleulxp jlyhq e|
+46,1 Li N i lqfuhdvhv/ htxdwlrq +46, fdq eh eurxjkw edfn lqwr edodqfh e| ghfuhdvlqj
F  ^sM > 4> Z  +4  sM ,dJ` . N  ^sM > 4> Z  +4  sM ,dJ`1 Zlwk E  dJ / wklv fdq rqo|
kdsshq e| ghfuhdvlqj sM / wkdw lv/ e| lqfuhdvlqj u1 Wr vhh wklv/ glhuhqwldwh +46,/ jlylqj=
gsM @g @ 4@+giF  ^sM > 4> Z  +4  sM ,dJ` . N  ^sM > 4> Z  +4  sM ,dJ`j@gsM ,= +53,

Ohwwlqj L @ Z  +4  sM ,dJ eh qhw zhdowk dw wkh ruljlqdo htxloleulxp/ dqg ohwwlqj Y
eh xwlolw| dw wkh ruljlqdo htxloleulxp/ dqg xvlqj wkh vwdqgdug Voxwvn| htxdwlrq57 uhodwlqj
ghpdqg wr wkh vxp ri frpshqvdwhg ghpdqg dqg lqfrph hhfwv/ dqg xvlqj wkh vl}h ri wkh
lqfrph hhfw jlyhq e| +47,/ zh kdyh

gsM @g @ 4@+Fsf ^sM > 4> Y `.Nsf ^sM > 4> Y `.++FL ^sM > 4> L`.NL ^sM > 4> L`,+^EdJ`@sM ,,, ? 3>
+54,
zkhuh vxevfulswv s dqg L uhihu wr sduwldo ghulydwlyhv zlwk uhvshfw wr sM dqg lqfrph L/ dqg
vxshuvfulsw f phdqv frpshqvdwhg ghpdqg1 Wr vhh wkdw wklv h{suhvvlrq lv uhdoo| ohvv wkdq
}hur/ uvw qrwh wkdw frpshqvdwhg fkdqjhv nhhs h{shfwhg xwlolw| frqvwdqw dqg pdujlqdo
xwlolwlhv duh sursruwlrqdo wr sulfhv/ lpso|lqj wkdw 3 @ Fsf .sN Nsf .sM Msf @ Fsf .Nsf .sM Msf 1
Vlqfh frpshqvdwhg rzq hhfwv duh dozd|v qhjdwlyh/ Msf ? 3/ dqg lw iroorzv wkdw Fsf . Nsf A
31 Vlqfh erwk F dqg N duh qrupdo jrrgv/ dqg E  dJ  3/ wkh ghqrplqdwru ri +54, lv
srvlwlyh158 Qrwh wkdw wklv dqdo|vlv krogv iru dq|   3 frqvlvwhqw zlwk htxloleulxp lq wkh
ulvn| olqhdu uhjlph1

916

Djjuhjdwh Lqyhvwphqw

Wr frqvlghu wkh lpsdfw ri fkdqjlqj vrfldo vhfxulw| sruwirolr srolf| rq djjuhjdwh lqyhvw0
phqw/ zh qhhg rqo| ghwhuplqh lwv hhfw rq wkh frqvxpswlrq ri |rxqj vdyhuv/ vlqfh wkh
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 d  o lv wkh fkdqjh lq lqfrph
wkdw zrxog jlyh wkh vdph xwlolw| dw wkh rog sulfhv dv jlyhq e| wkh qhz sulfhv dqg wkh qhz lqfrph1
5 8 Zh qrwh wkdw wkh lqwhuwhpsrudoo| dgglwlyh vwuxfwxuh ri suhihuhqfhv lpsolhv wkdw ghpdqg iru uvw0shulrg
frqvxpswlrq lv qrupdo dqg wkh dvvxpswlrq ri ghfuhdvlqj devroxwh ulvn dyhuvlrq lq vhfrqg0shulrg xwlolw|
zrxog lpso| wkdw wkh ghpdqg iru ulvn| dvvhwv lqfuhdvhv zlwk zhdowk1

4:

frqvxpswlrq ri |rxqj zrunhuv grhv qrw fkdqjh/ dv qrwhg gluhfwo| diwhu htxdwlrq +46,1
Iurp +46, zh nqrz +xvlqj Voxwvn| dqg wkh lqfrph hhfw whup iurp +47,, wkdw
+55,
gn@g @ giN  . N i j@g @ +gF  ^sM > 4> Z  +4  sM ,dJ`@gsM ,+gsM @g,
f

@ iFs ^sM > 4> Y ` . FL ^sM > 4> L`+^E  dJ`@sM ,j+gsM @g,
@ iFsf  FL ^E  dJ`@sM j@iFsf . Nsf  +FL . NL ,^E  dJ`@sM j A 3=

Zh douhdg| vdz wkdw wkh ghqrplqdwru lv srvlwlyh1 Dovr Fsf ^sM > 4> Y ` A 3/ vlqfh M dqg
F duh Klfnvldq vxevwlwxwhv li M lv qrupdo1 +Vhh Dxud/ Gldprqg/ Jhdqdnrsorv +4<<<,1,
Ixuwkhupruh/ FL A 3/ vlqfh F lv qrupdo1 Wkxv li E  dJ/ vxevwlwxwlrq dqg lqfrph hhfwv
jr wkh vdph zd|1 Khqfh wuxvw ixqg glyhuvlfdwlrq orzhuv F  / wkhuhe| udlvlqj wrwdo ulvn|
lqyhvwphqw N  . N i 1
Rxu dqdo|vlv dovr vkrzv wkdw gn@g @ giN  . N i j@g ? 4/ zkhq doo wkh jrrgv duh
qrupdo/ iru wkhq Nsf A 3 dqg NL A 3/ dqg wkh ghqrplqdwru ri +55, lv odujhu wkdq wkh
qxphudwru1
Frpsohphqwlqj wkhvh sursrvlwlrqv/ zh qrwh wkdw li dq lqfuhdvh lq wkh jryhuqphqw erqg
lqwhuhvw udwh uhglvwulexwhv zhdowk iurp zrunhuv wr vdyhuv/ E A dJ/ wkhq wkh lqwhuhvw udwh
pd| ulvh ru idoo159

:

Dgglqj Lqqlwho|0Olyhg Dvvhwv

Lq wkh prgho deryh/ qr dvvhwv odvw pruh wkdq rqh shulrg1 Wkxv d fkdqjh lq wkh lqwhu0
hvw udwh grhv qrw uhglvwulexwh zhdowk dfurvv jhqhudwlrqv1 Wr frqvlghu lqwhujhqhudwlrqdo
uhglvwulexwlrq/ zh qrz dgg wzr lqqlwho|0olyhg dvvhwv1 D fkdqjh lq vrfldo vhfxulw| srolf|
wkdw fkdqjhv wkh sulfhv ri wkh orqj0olyhg dvvhwv wkh jhqhudwlrqv wudgh zlwk hdfk rwkhu
zloo uhglvwulexwh zhdowk ehwzhhq wkh rog/ zkr rzq wkh dvvhwv dw wkh wlph wkh srolf| lv
lpsohphqwhg/ dqg doo ixwxuh jhqhudwlrqv1 Zh dvvxph {hg txdqwlwlhv ri erwk w|shv ri
lqqlwho|0olyhg dvvhwv1 Zh zloo uhihu wr wkhvh dvvhwv dv vdih odqg dqg ulvn| odqg1 Hdfk xqlw
ri vdih odqg surylghv rqh xqlw ri frqvxpswlrq/ lqghshqghqw ri wkh vwdwh ri qdwxuh/ lq hdfk
shulrg15: Hdfk xqlw ri ulvn| odqg surgxfhv wkh vdph +uhdol}hg, rxwsxw dv rqh xqlw ri wkh
+frqwhpsrudqhrxv, ulvn| lqyhvwphqw15; Zh ghqrwh wkh vxssolhv ri wkh wzr dvvhwv e| O3
dqg O/ dqg wkhlu sulfhv e| s3 dqg s1 Ehfdxvh ri wkh vwdwlrqdu| vwuxfwxuh ri wkh hfrqrp|/
lq vwdwlrqdu| htxloleulxp/ wkhvh sulfhv duh frqvwdqw ryhu wlph1
Wkh lqwurgxfwlrq ri qhz orqj0whup dvvhwv udlvhv wkh lqwhuhvwlqj txhvwlrq ri krz wkhlu
sulfhv duh dhfwhg e| vrfldo vhfxulw| glyhuvlfdwlrq1 Lq uhdolw|/ wkh vwrfn pdunhw lv pdgh
xs ri erwk vkruw0whup dqg orqj0whup lqyhvwphqwv/ dqg vr wkh hhfw ri vrfldo vhfxulw|
glyhuvlfdwlrq rq vwrfn pdunhw sulfhv lqyroyhv erwk vkruw0whup dqg orqj0whup dvvhw sulfh
fkdqjhv1
Dqdorjrxv wr +4,/ zh fdq zulwh wkh rswlpl}dwlrq sureohp ri vdyhuv dv
Y

@ pd{ X4 ^F4 ` . HiX5 ^F5 `j
v1w1 Z @ F4 . E . n3 . n . s3 O3 . sO
F5 @ +4 . u,E . U3 n3 . Un . O3 . s3 O3 . UO . sO  W=

+56,

5 9 Vr idu/ zh kdyh frqvlghuhg wzr glhuhqw prghov zlwk shuihfwo| hodvwlf dqg shuihfwo| lqhodvwlf vxssolhv
ri vdih dvvhwv1 Zh frxog frqvlghu dq lqwhuphgldwh prgho zlwk d grzqzdug0vorslqj ghpdqg e| iruhljqhuv
iru jryhuqphqw ghew1 Wklv zrxog jlyh d fkdqjh lq wkh htxloleulxp lqwhuhvw udwh wkdw zdv ehwzhhq wkh wzr
fdvhv dqdo|}hg1 Lq wklv fdvh/ wkh lqfuhdvh lq wkh lqwhuhvw udwh rq jryhuqphqw ghew zrxog lqyroyh lqfuhdvhg
sd|phqwv deurdg dv zhoo dv wudqvihuv iurp wd{sd|huv wr wuxvw ixqg ehqhfldulhv1 Udwkhu wkdq dgg d iruhljq
vhfwru/ zh dgg odqg1
5 : Wklv pljkw eh d {hg qxpehu ri jryhuqphqw frqvrov/ wkh lqwhuhvw rq zklfk lv qdqfhg e| wd{dwlrq
rq vxffhvvlyh jhqhudwlrqv1
5 ; Vlqfh wkh uhwxuq wr ulvn| lqyhvwphqw lv lqghshqghqw ri wkh ohyho ri lqyhvwphqw/ wkhuh lv qr glvwlqfwlrq
ehwzhhq odqg wkdw surylghv rxwsxw dqg odqg wkdw surylghv fdslwdo lqsxw1

4;

Wd{hv W +u, @ duJ duh ghqhg dv ehiruh/ lq htxdwlrq +8,1 Dvvxplqj wkdw n A 3/ dqg wkdw
wkh wuxvw ixqg krogv rqo| rqh0shulrg jryhuqphqw ghew dqg vkruw0whup ulvn| lqyhvwphqwv/
vwdwlrqdu| htxloleulxp lv ghqhg dv d yhfwru +u> s3 > s> F4 > F5 > n3 > n> E> O3 > O , vxfk wkdw
jlyhq +u> s3 > s, dqg W @ W +u,/ wkh fkrlfhv +F4 > F5 > n3 > n> E> O3 > O , pd{lpl}h +56,/ dqg wkh
erqg pdunhw fohduv/ dv jlyhq lq htxdwlrq +<1H4,/ wkh vdih odqg pdunhw fohduv/ O3 @ O3 /
dqg wkh ulvn| odqg pdunhw fohduv O @ O1
Dw uvw jodqfh/ wkh prgho zlwk odqg vhhpv pxfk pruh frpsolfdwhg/ vlqfh lw qrz kdv
wzr pruh pdunhwv/ jlylqj wzr pruh yduldeohv dqg wzr pruh pdunhw fohdulqj htxdwlrqv1
Exw dv zh vkdoo vhh lq d prphqw/ wkh hhfwv ri wuxvw ixqg glyhuvlfdwlrq lq wkh suhvhqfh
ri orqj0olyhg dvvhwv duh prglhg e| wkh suhvhqfh ri odqg/ exw qrw gudvwlfdoo| fkdqjhg1
Dv ehiruh/ wkh dqdo|vlv ghshqgv rq zklfk vkruw0whup lqyhvwphqwv duh xqghuwdnhq lq wkh
ruljlqdo vwdwlrqdu| htxloleulxp1 Wkh fdvh zkhuh erwk duh xqghuwdnhq/ n3 A 3 dqg n A 3/
lv h{dfwo| olnh wkh fdvh zlwkrxw odqg vlqfh qr sulfhv fkdqjh/ dqg lw lv qrw uhshdwhg khuh1
Zh ghvfuleh wkh rwkhu wkuhh fdvhv lq ghwdlo/ vwduwlqj lq Vhfwlrq ;1 Lq wkh uhvw ri Vhfwlrq :/
zh uhirupxodwh dqg vlpsoli| wkh ghqlwlrq ri vwdwlrqdu| htxloleulxp zlwk odqg1
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Odqg dqg wkh G|qdplf Dvvhw Vsdq

Odqg +ri hlwkhu w|sh, odvwv iruhyhu dqg jlyhv qhz rxwsxw iruhyhu dqg lv vrog hdfk shulrg e|
wkh roghu jhqhudwlrq wr wkh |rxqjhu rqh1 Jlyhq d vwdwlrqdu| hfrqrp|/ dqg wkh idfw wkdw
odqg rxwsxw/ wkrxjk shukdsv ulvn|/ lv lqghshqghqw dqg lghqwlfdoo| glvwulexwhg hdfk shulrg/
wkh sulfh ri odqg +mxvw diwhu wkh uhdol}dwlrq ri rxwsxw hdfk shulrg, lv frqvwdqw dfurvv wlph/
dqg dfurvv uhdol}dwlrqv ri rxwsxw15< Wkh rqh0shulrg jurvv uhwxuq iurp sxufkdvlqj odqg lv
htxdo wr lwv glylghqg wkdw shulrg/ soxv d frqvwdqw fdslwdo ydoxh1 Wkh rqh0shulrg uhwxuqv rq
hlwkhu w|sh ri lqqlwho|0olyhg odqg duh wkhuhiruh +hqgrjhqrxv, frqyh{ frpelqdwlrqv ri wkh
uhwxuqv rq ulvn| vkruw0whup lqyhvwphqwv dqg wkh vdih uhwxuq rq jryhuqphqw erqgv1 Wkxv
zh fdq lqfrusrudwh odqg lqwr rxu prgho zlwkrxw lqwurgxflqj d qhz ulvn fkdudfwhulvwlf1
Li d |rxqj vdyhu ex|v rqh xqlw ri vdih odqg/ lw frvwv s3 dqg |lhogv vdih frqvxpswlrq lq
wkh vhfrqg shulrg +iurp rxwsxw dqg uhvdoh, ri 4 . s3 1 Vlqfh wklv lv d shuihfw vxevwlwxwh iru
ex|lqj +4 . s3 ,@+4 . u, xqlwv ri wkh jryhuqphqw erqg/ zh kdyh

ru

s3 @ +4 . s3 ,@+4 . u,>

+57,

s3 @ 4@u @ sM @+4  sM ,=

+58,

Vlploduo|/ e| vshqglqj s rq ulvn| odqg/ wkh frqvxphu jhwv wkh ulvn| glylghqg wkdw fdq eh
sxufkdvhg dw d sulfh ri sN / +e| lqyhvwlqj lq wkh vkruw0olyhg ulvn| dvvhw, dqg wkh delolw| wr
vhoo wkh dvvhw dw sulfh s/ zklfk kdv d fxuuhqw ydoxh ri s@+4 . u,1 Wkxv/ e| duelwudjh/ zh
kdyh wkh htxloleulxp sulfh ri ulvn| odqg vdwlvi|lqj=

ru

s @ sN . s@+4 . u, @ sN . ssM

+59,

s @ +4 . u,sN @u @ sN @+4  sM ,=

+5:,

Wkxv wkh sulfhv ri erwk nlqgv ri odqg duh ghwhuplqhg e| wkh sulfh ri wkh vkruw0whup dvvhwv1
Erwk odqg sulfhv lqfuhdvh zlwk wkh sulfh ri vhfrqg0shulrg vdih frqvxpswlrq> htxlydohqwo|/
odqg sulfhv ghfuhdvh zkhq wkh lqwhuhvw udwh ulvhv1 Wkh wrwdo ydoxh ri odqg lv
S @ s3 O3 . sO @ O3 sM @+4  sM , . OsN @+4  sM ,=
5 < Wkh

fkdqjh1

+5;,

llg dvvxpswlrq lpsolhv wkdw wkhuh lv qhyhu dq| qhzv derxw ixwxuh uhwxuqv/ vr odqg ydoxhv qhyhu

4<

Dq| htxloleulxp zkhuh wkh wuxvw ixqg krogv O dfuhv ri ulvn| odqg lv htxlydohqw wr dq
htxloleulxp lq zklfk wkh wuxvw ixqg krogv O xqlwv ri wkh ulvn| dvvhw dqg OssM erqgv1
+Wkh glylghqgv duh wkh vdph/ dqg e| +59, wkh erqg sd|rv sO fdq eh xvhg hdfk shulrg
wr uhsxufkdvh wkh vdph sruwirolr1, Lq sduwlfxodu/ vwduwlqj iurp d sruwirolr h{foxvlyho| lq
vkruw0whup dvvhwv/ d wuxvw ixqg sxufkdvh ri O dfuhv ri odqg +rewdlqhg e| vhoolqj erqgv,
zrxog kdyh suhflvho| wkh vdph hhfw dv wkh sxufkdvh ri O xqlwv ri wkh ulvn| vkruw0whup
dvvhw +rewdlqhg e| vhoolqj erqgv,1 Krzhyhu/ wkh hhfw ri d ixuwkhu wuxvw ixqg sxufkdvh
ri odqg zloo glhu lq wkh wzr fdvhv ehfdxvh lw zloo fkdqjh dvvhw sulfhv/ jlylqj d glhuhqw
fdslwdo jdlq wr wkh wzr sruwirolrv1 +Lq rwkhu zrugv/ diwhu wkh sulfh fkdqjh/ d glhuhqw
frpelqdwlrq ri vkruw0whup dvvhwv zrxog eh qhhghg wr uhsolfdwh ulvn| odqg1, Wr nhhs wkh
dqdo|vlv vlpsoh/ zh vkdoo frqwlqxh wr vxssrvh wkdw wkh wuxvw ixqg krogv rqo| vkruw0whup
dvvhwv1
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Vwdwlrqdu| Htxloleulxp zlwk Odqg

Zh fdq qrz ghqh htxloleulxp lq whupv ri wkh wkuhh jrrgv F  / M  / N  / dv zh glg hduolhu1
Wkh suhvhqfh ri odqg grhv qrw fkdqjh wkh h{shfwhg xwlolw| pd{lpl}dwlrq sureohp ri vdyhuv
jlyhq lq +5,1 Lw lv mxvw wkdw wkh| kdyh vhyhudo zd|v ri dftxlulqj wkh vdph sdwwhuqv ri vhfrqg0
shulrg frqvxpswlrq1 Wkh ghpdqg ixqfwlrqv/ F  ^sM > sN > Z  sM W `/ M  ^sM > sN > Z  sM W `
dqg N  ^sM > sN > Z  sM W ` gr qrw fkdqjh1 Zh qhhg wr uhfrjql}h wkdw vdyhuv dftxluh vdih
ixwxuh frqvxpswlrq e| ex|lqj erqgv/ dqg erwk w|shv ri odqg1 Vdih frqvxpswlrq M  soxv
wd{hv iru vdyhuv pxvw htxdo wkh uhwxuq iurp kroglqj doo wkh jryhuqphqw erqgv qrw khog
e| wkh wuxvw ixqg/ soxv wkh sd|r iurp vdih odqg/ soxv wkh uhvdoh ydoxh ri doo odqg/ vdih
dqg ulvn|/ soxv wkh sd|r iurp vkruw0whup vdih surgxfwlrq1 Vlploduo|/ ulvn| frqvxpswlrq
iru vdyhuv/ N  / lv qrz wkh ghpdqg iru wkh vxp ri ulvn| vkruw0whup lqyhvwphqwv dqg wkh
rqh0shulrg sd|rv ri ulvn| odqg/ ohvv zkdw lv khog e| wkh wuxvw ixqg1 Htxloleulxp surw
pd{lpl}dwlrq htxdwlrqv +431h6, dqg +431h7, uhpdlq dv ehiruh/ exw +431h4, dqg +431h5, pxvw
qrz eh prglhg wr lqfoxgh odqg1
M  +sM > sN > Z  sM W +sM ,, . W +sM , @ +J  I3 . ,@sM . O3 . S . U3 n3
N  +sM > sN > Z  sM W +sM ,, . @sN @ O . n
S @ O3 sM @+4  sM , . OsN @+4  sM ,

;

+5<1h4 ,
+5<1h5 ,
+5<1h6 ,

Vrfldo Vhfxulw| Glyhuvlfdwlrq lq wkh Ulvn| Olqhdu
Fdvh
zlwk Odqg

Zh vxssrvh wkh hfrqrp| zlwk odqg ghvfulehg lq Vhfwlrq : lv vxfk wkdw lq vwdwlrqdu|
htxloleulxp wkhuh lv rqo| ulvn| surgxfwlrq/ n3 @ 3 exw n A 31 Dv lq Vhfwlrq 9/ htxloleulxp
erlov grzq wr wkh pdunhw iru vdih frqvxpswlrq lq htxdwlrq +5<1h4 ,1 Xvlqj wkh exgjhw
frqvwudlqw +5, ri wkh vdyhuv/ wkh htxdolw| sN @ 4/ wkh ghqlwlrq ri W +sM ,/ dqg wkh irupxod
+5;, iru wkh ydoxh ri wrwdo odqg/ zh fdq zulwh wkh pdunhw fohdudqfh iru erqgv dv=

J  I3 . n @ sM M  +sM > sN > Z  sM W +sM ,, . sM W +sM ,  sM +O3 . S ,
+63,
i


J  I3 . N @ Z  F ^sM > 4> Z  sM W +sM ,`  N ^sM > 4> Z  sM W +sM ,`  sM +O3 . S ,
@ Z  F  ^sM > 4> Z  +4sM ,dJ`N  ^sM > 4> Z +4sM ,dJ`  sM +O3 . O,@+4sM ,=

Dv ehiruh/ zh kdyh d vlqjoh htxdwlrq lq d vlqjoh yduldeoh/ sM 1 Dqg/ zlwk wkh vdph dvvxps0
wlrqv dv ehiruh/ zh zloo djdlq qg wkdw sM jrhv grzq/ htxlydohqw wr wkh lqwhuhvw udwh jrlqj
xs1
53

Iurp +5<1h5 ,/ djjuhjdwh lqyhvwphqw lq vkruw0olyhg surgxfwlrq/ n/ lv wuxvw ixqg ghpdqg
iru uhdo lqyhvwphqw/ N i / soxv wkh ghpdqg ri vdyhuv iru ulvn| frqvxpswlrq/ N  / plqxv wkh
sruwlrq ri wkdw ghpdqg wkdw lv vdwlvhg e| sxufkdvlqj ulvn| odqg/ O1 Wkxv/ xvlqj wkh
vhfrqg olqh ri +63,/ dqg sN @ 4/ dqg S @ sN O . sM +O3 . S ,/ djjuhjdwh lqyhvwphqw lq
ulvn| vkruw0whup dvvhwv/ N i . N   O/ fdq eh zulwwhq
N i . N   O @ sN +N i . N   O, @ Z  +J  I3 ,  F  ^sM > sN > Z  sM W +sM ,`  S= +64,
Khqfh/ zlwk Z / J/ dqg I3 doo {hg/ wkh uhvsrqvh ri djjuhjdwh lqyhvwphqw lq vkruw0whup
dvvhwv wr vrfldo vhfxulw| glyhuvlfdwlrq lv plqxv wkh vxp ri wkh uhvsrqvh ri frqvxpswlrq
ri vdyhuv/ F  / dqg wkh fkdqjh lq wkh ydoxh ri wrwdo odqg/ S @ s3 O3 . sO1 Zlwk wkh vdph
dvvxpswlrqv dv ehiruh/ zh zloo djdlq qg wkdw djjuhjdwh lqyhvwphqw jrhv xs1
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H{shfwhg Xwlolw|

Lq wkh suhylrxv prghov zlwkrxw odqg/ rog vdyhuv zhuh qrw dhfwhg e| vrfldo vhfxulw| glyhu0
vlfdwlrq1 Vlqfh qr dvvhw odvwhg orqjhu wkdq wkhlu olyhv/ e| wkh wlph wkh| zhuh rog doo wkhlu
dvvhwv zhuh sdlg grzq ru glvvroyhg lqwr frqvxpswlrq jrrgv1 Exw zlwk wkh lqwurgxfwlrq
ri odqg wkh| kdyh vrphwklqj wr vhoo/ zkrvh ydoxh pljkw eh dhfwhg e| vrfldo vhfxulw| gl0
yhuvlfdwlrq1 Iru h{dpsoh/ li odqg sulfhv jr grzq lq ydoxh +dv wkh lqwhuhvw udwh ulvhv,/ wkh
rog vdyhuv dw wkh wlph ri wkh wuxvw ixqg glyhuvlfdwlrq orvh/ fhwhulv sdulexv1 \rxqj vdyhuv
jdlq/ dv gr vdyhuv lq hyhu| vxffhhglqj jhqhudwlrq1
Zh ehjlq wkh dqdo|vlv zlwk rog vdyhuv dw wkh wlph ri lpsohphqwdwlrq ri wkh srolf|
fkdqjh=
CYrog @CsM @ X53 ^gS@gsM `
gYrog @g @ +CYrog @CsM ,+gsM @g,
@ X53 ^gS@gsM `+gsM @g,=

+65,

Vlqfh wkh qhz vwdwlrqdu| htxloleulxp lv dfklhyhg lpphgldwho| diwhu wkh wuxvw ixqg sxu0
fkdvhv/ |rxqj vdyhuv dw wkh wlph ri wkh sxufkdvhv duh dhfwhg h{dfwo| wkh vdph zd| dv doo
ixwxuh vdyhuv/ qdpho|
CY@CsM @
@
@
gY @gn @
@

X43 iM   g^sM W +sM ,`@gsM j
X43 ii^E  +4  sM ,dJ`@sM . O3 . S j  g^+4  sM ,dJ`@gsM j
X43 ^^E  dJ`@sM . O3 . S `
+CY @CsM ,+gsM @g,
iX43 ^^E  dJ`@sM . O3 . S `j+gsM @g,=

+66,

Wkh uvw whup lq wkh odvw olqh ri +66, uh hfwv wkh zlwklq0frkruw uhglvwulexwlrq ehwzhhq
vdyhuv dqg zrunhuv dv d frqvhtxhqfh ri glhuhqw vkduhv lq jryhuqphqw erqgv dqg lq wkh
wd{hv wkdw qdqfh wkh lqwhuhvw rq wkh erqgv1 Wkh vhfrqg whup uh hfwv wkh dfurvv0frkruw
uhglvwulexwlrq iurp fkdqjhv lq wkh sulfh ri vdih frqvxpswlrq zklfk lv sxufkdvhg iurp wkh
suhylrxv jhqhudwlrq e| ex|lqj odqg1 Wkh irupxodv lq +66, dsshdu wr ghshqg rq wkh ydoxh
ri odqg/ qrw wkh fkdqjh lq wkh ydoxh ri odqg/ exw wklv vkdoo eh fodulhg lq d prphqw1
Qrwlfh wkdw wkh h{shfwhg xwlolw| ri |rxqj vdyhuv fdq lqfuhdvh ru ghfuhdvh/ ghshqglqj rq
wkh edodqfh ri uhglvwulexwlrqv ehwzhhq vdyhuv dqg zrunhuv/ dqg uhglvwulexwlrqv ehwzhhq rog
vdyhuv dqg |rxqj vdyhuv1 Li wkh ydoxh ri doo odqg/ S / h{fhhgv wkh wrwdo ri doo jryhuqphqw
erqg surplvhv J@sM @ J+4 . u,/ wkhq vrfldo vhfxulw| glyhuvlfdwlrq pxvw lpsuryh wkh
zhoiduh ri |rxqj vdyhuv +dvvxplqj gsM @gn ? 3,/ hyhq wkrxjk lw fuhdwhv d uhglvwulexwlrq
iurp |rxqj vdyhuv wr |rxqj zrunhuv/ li E ? dJ1 Hylghqwo| |rxqj vdyhuv jdlq pruh iurp
54

rog vdyhuv wkdq wkh| orvh wr |rxqj zrunhuv1 D vlplodu frqfoxvlrq krogv li wkh ydoxh ri vdih
odqg s3 O3 lv juhdwhu wkdq wkh ydoxh ri jryhuqphqw erqgv J rxwvwdqglqj/ dv fdq eh vhhq
iurp +66,/ dqg wkh lghqwlw| sM +O3 . S , @ s3 +O3 . O,1
Htxdwlrq +4;, txdqwli|lqj wkh hhfw ri wuxvw ixqg glyhuvlfdwlrq rq zrunhuv lq wkh ulvn|
olqhdu fdvh zlwkrxw odqg dssolhv zlwkrxw fkdqjh lq wklv ulvn| olqhdu fdvh zlwk odqg1 Dv
ehiruh/ wkh lqfuhdvhg h{srvxuh wr ulvn| vwrfn dqg wkh ulvh lq lqwhuhvw udwhv pdnh zrunhuv
ehwwhu r/ dvvxplqj E  dJ ? 3 dqg gsM @g ? 31
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Odqg Ydoxhv

Zlwk sN xqfkdqjhg dw d ydoxh ri rqh/ zh fdq frpsxwh wkh fkdqjh lq wrwdo odqg ydoxh e|
gS@gsM @
@
@
@
@
gS@g @
@

O3 ^4@+4  sM , . sM @+4  sM ,5 ` . OsN @+4  sM ,5
O3 @+4  sM ,5 . OsN @+4  sM ,5
^O3 +4  sM . sM ,@+4  sM , . OsN @+4  sM ,`@+4  sM ,
^O3 sM @+4  sM , . OsN @+4  sM , . O3 `@+4  sM ,
^S . O3 `@+4  sM ,
+gS@gsM ,+gsM @g,
i^S . O3 `@+4  sM ,j+gsM @g,=

+67,

Wkh vhfrqg olqh ri +67, ghfrpsrvhv wkh fkdqjh lq wkh wrwdo ydoxh ri odqg lqwr wkh vxp
ri wkh fkdqjh lq wkh ydoxh ri vdih odqg dqg wkh fkdqjh lq wkh ydoxh ri ulvn| odqg1 Lw lv
fohdu iurp wkh irupxodv wkdw wkh ydoxh ri vdih odqg dqg ri ulvn| odqg hdfk pryh lq wkh
vdph gluhfwlrq dv sM / wkdw lv lq wkh rssrvlwh gluhfwlrq ri wkh fkdqjh lq lqwhuhvw udwhv1
Zh vkdoo vkrz lq wkh qh{w vxevhfwlrq wkdw li E  dJ/ dqg ghpdqgv iru doo jrrgv duh
qrupdo/ wkhq glyhuvlfdwlrq udlvhv wkh vdih lqwhuhvw udwh= +gsM @g, ? 31 Wkxv wuxvw ixqg
sxufkdvhv ri ulvn| vkruw0whup lqyhvwphqwv +dqg htxlydohqwo| wuxvw ixqg sxufkdvhv ri ulvn|
odqg, uhgxfh wkh sulfh ri ulvn| odqg +dqg dovr wkh sulfh ri vdih odqg,1 Lw lv d uhpdundeoh/
dqg xqdqwlflsdwhg/ surshuw| ri wkh fxuuhqw prgho wkdw wkh lqfuhdvh lq ghpdqg iru ulvn|
odqg uhgxfhv lwv sulfh$ Lw lv riwhq fodlphg wkdw li vrfldo vhfxulw| erxjkw vwrfnv/ lw zrxog
udlvh wkh ydoxh ri wkh vwrfn pdunhw1 Wklv euhh}| frqfoxvlrq lv vhhq wr eh pruh gholfdwh
wkdq lw vrxqgv1 Vlqfh wkh lqwhuhvw udwh lqfuhdvhv/ lw lv qrw vr vxusulvlqj diwhu doo wr qg d
whqghqf| iru vwrfn sulfhv wr ghfolqh/ iru vwrfn sulfhv ghshqg rq glvfrxqwlqj ixwxuh uhwxuqv1
Zkhq whfkqrorj| {hv wkh uhwxuq rq vkruw0whup ulvn| lqyhvwphqwv/ wkh lqwhuhvw udwh hhfw
lv wkh rqo| rqh wkdw dhfwv vwrfn sulfhv1 Zh sxuvxh wklv txhvwlrq ri odqg ydoxhv ixuwkhu lq
wkh qh{w vhfwlrqv1
Xvlqj wkh h{suhvvlrq ghulyhg lq +67, iru wkh fkdqjh lq wrwdo odqg ydoxh/ zh fdq uhzulwh
wkh hhfw rq vdyhuv* zhoiduh ghulyhg lq +66, dv
CY @CsM @ X43 ^^E  dJ`@sM . +4  sM ,gS@gsM `
gY@g @ X43 ^^E  dJ`@sM . +4  sM ,gS@gsM `+gsM @g,=

+68,

Qrz lw lv fohdu wkdw fkdqjlqj odqg ydoxhv grhv dhfw |rxqj vdyhuv1 Li vrfldo vhfxulw| lv
glyhuvlhg dw wlph 4/ dqg odqg sulfhv idoo/ wkh |rxqj dw wlph 4 gr qrw jdlq e| wkh zkroh
gurs lq odqg sulfhv/ vlqfh wkh uhvdoh ydoxh ri wkh odqg zkhq wkh| jhw rog dovr idoov1

;16

Vrfldo Zhoiduh

Wkh vrfldo zhoiduh ixqfwlrq glvfxvvhg lq Vhfwlrq 9 vlpso| zhljkwhg wkh xwlolwlhv ri d uhsuh0
vhqwdwlyh vdyhu dqg d uhsuhvhqwdwlyh zrunhu iurp wkh vdph jhqhudwlrq1 Qrz wkdw glhuhqw
jhqhudwlrqv uhfhlyh glhuhqw wuhdwphqw/ zh dovr qhhg wr dvvljq zhljkwv wr wkh jhqhudwlrqv1
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Lq wkh uhvw ri wkh sdshu/ zh dvvxph vrfldo zhoiduh lv phdvxuhg e| wkh zhljkwhg vxp ri doo
krxvhkrog xwlolwlhv=
S
3
3
w
w
. Yrog
. 4
VZ I @ pqyrog
4 +w,^pqy . Y `
Wkh vxshuvfulsw w uhihuv wr wkh jhqhudwlrq ri eluwk/ dqg zh vxssrvh wkh glyhuvlfdwlrq
wdnhv sodfh dw wlph w @ 41 Wkh zhljkw p lv fkrvhq/ dv ehiruh/ vr wkdw vwduwlqj iurp wkh
ruljlqdo htxloleulxp/ dq dgglwlrqdo groodu jlyhv wkh vdph pdujlqdo vrfldo xwlolw| zkhwkhu
lw lv jlyhq wr dq rog vdyhu ru dq rog zrunhu iurp wkh vdph jhqhudwlrq1 Ilqdoo| zh vxssrvh
+w, @ 4@+4 . u,w4 / zkhuh u lv wkh lqwhuhvw udwh suhydlolqj lq wkh ruljlqdo htxloleulxp1
Zlwk wklv ghqlwlrq ri vrfldo zhoiduh/ wkh pdujlqdo vrfldo xwlolw| ri d groodu iru vxuh dw
dq| wlph w/ zkhwkhu jlyhq wr dq| |rxqj vdyhu/ rog vdyhu/ ru rog zrunhu/ vwduwlqj iurp wkh
ruljlqdo htxloleulxp doorfdwlrq/ lv htxdo wr lwv pdunhw sulfh dv ri wlph 41 +Wkh zhoiduh
zhljkw rq |rxqj zrunhuv fdq eh duelwudu|/ vlqfh vrfldo vhfxulw| glyhuvlfdwlrq grhv qrw
dhfw wkhp lq rxu prgho1, Vlqfh wkh zhoiduh zhljkwv duh vxfk wkdw uhglvwulexwlrq ri vdih
frqvxpswlrq +dsduw iurp |rxqj zrunhuv, kdv qr hhfw rq vrfldo zhoiduh/ zh fdoo VZI d
vrfldo zhoiduh ixqfwlrq zlwk qhxwudo zhljkwv1
Wr fdofxodwh wkh hhfw ri vrfldo vhfxulw| glyhuvlfdwlrq rq vrfldo zhoiduh/ wkh xwlolw|
jdlqv pxvw eh dgghg dfurvv doo jhqhudwlrqv1 Xvlqj +65, dqg +68,/ dqg uhfrjql}lqj wkdw +4
sM , lv htxdo wr u@+4 . u,/ wkh fkdqjh lq wrwdo odqg ydoxh grhv qrw dhfw vrfldo zhoiduh1 Wkh
vxp ri doo vdyhuv* xwlolw| jdlqv iurp wkh idoo lq odqg sulfhv/ glvfrxqwhg e| wkh htxloleulxp
lqwhuhvw udwh/ h{dfwo| edodqfhv wkh fkdqjh lq xwlolw| ri wkh rog iurp wkh jhqhudwlrq lq
uhwluhphqw dw wkh wlph wkh srolf| zdv lpsohphqwhg1

;17

Lqwhuhvw Udwh dqg Sursrvlwlrq 5-

Zh vxppdul}h wkh srvlwlyh dqg qrupdwlyh hhfwv ghvfulehg vr idu lq Sursrvlwlrq 5- +wkh
qxpehu 5 uhihuv wr wkh uhjlph/ dqg wkh - lqglfdwhv wkdw odqg lv suhvhqw lq wkh hfrqrp|,=
Sursrvlwlrq 5d- Vxssrvh wkhuh lv qr vdih vkruw0whup uhdo lqyhvwphqw/ dqg wkdw vkruw0
whup ulvn| lqyhvwphqwv glvsod| frqvwdqw pdujlqdo uhwxuqv/ dqg duh xqghuwdnhq lq htxlole0
ulxp1 Vxssrvh wkhuh lv erwk vdih dqg ulvn| odqg1 Vxssrvh dovr wkdw wkh vkduh ri wd{hv ri
vdyhuv lv dw ohdvw dv odujh dv wkhlu vkduh ri erqg kroglqjv/ E  dJ/ dqg wkdw ghpdqgv
iru doo frqvxpswlrq jrrgv duh qrupdo1 Wkhq/ wuxvw ixqg sxufkdvhv ri ulvn| lqyhvwphqw
lqfuhdvh wkh lqwhuhvw udwh rq jryhuqphqw ghew/ dqg lqfuhdvh djjuhjdwh lqyhvwphqw1
Sursrvlwlrq 5e- Pruhryhu/ wkh sulfh ri vdih odqg idoov/ dv grhv wkh sulfh ri ulvn| odqg1
Wkh wrwdo ydoxh ri odqg wkhuhiruh idoov/ wkrxjk gS@g ? 4@sM 1
Sursrvlwlrq 5f- Pruhryhu/ vwduwlqj iurp d wuxvw ixqg lqyhvwhg h{foxvlyho| lq erqgv/
wuxvw ixqg sxufkdvhv ri ulvn| lqyhvwphqwv lqfuhdvh wkh h{shfwhg xwlolw| ri doo zrunhuv +h{fhsw
wkh rog dw wkh wlph wkh srolf| lv lpsohphqwhg/ zkr duh xqdhfwhg,1 Rog vdyhuv dw wkh wlph
wkh srolf| lv lpsohphqwhg duh kxuw1 Li/ lq dgglwlrq/ +dJ  E, ? s3 +O3 . O,/ wkhq doo rwkhu
vdyhuv duh khoshg1 Li/ krzhyhu/ +dJ  E, A s3 +O3 . O,/ wkhq doo rwkhu vdyhuv duh dovr kxuw1
Lq dq| fdvh/ glyhuvlfdwlrq lqfuhdvhv d vrfldo zhoiduh ixqfwlrq zlwk qhxwudo zhljkwv1
Jlyhq 5d-/ 5f- dqg wkh txdolwdwlyh sduw ri 5e- kdyh douhdg| ehhq suryhg1
Lw uhpdlqv wr vkrz wkdw wuxvw ixqg sxufkdvhv ri ulvn| lqyhvwphqw lqfuhdvh wkh lqwhuhvw
udwh rq jryhuqphqw ghew1 Glhuhqwldwlqj +64,/ xvlqj wkh Voxwvn| htxdwlrq/ xvlqj wkh
lpsdfw ri d sulfh fkdqjh rq Y ghulyhg lq +66,/ dqg xvlqj wkh ghulydwlyh ri S iurp +67,/
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zh kdyh=
gsM @g @
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@

4@g+F  . N  . S ,@gsM
+69,
f
f


4@iFs . Ns . +FL . NL ,++E  dJ,@sM  O3  S , . gS@gsM j
4@iiFsf . Nsf j  i+FL . NL ,+E  dJ,@sM j . i+FL . NL ,+O3 . S , . gS@gsM jj
4@iiFsf . Nsf j  i+FL . NL ,+E  dJ,@sM j . i+O3 . S ,+4@+4  sM ,  +FL . NL ,,jj=

Wkh uvw whupv lq wkh ghqrplqdwru ri wkh odvw olqh ri +69, duh wkh frpshqvdwhg ghpdqgv
iru uvw0shulrg frqvxpswlrq dqg ulvn| vhfrqg0shulrg frqvxpswlrq zlwk uhvshfw wr wkh
sulfh ri vdih vhfrqg0shulrg frqvxpswlrq dqg kdyh d srvlwlyh vxp/ dv qrwhg lq wkh surri ri
Sursrvlwlrq 51 Wkh qh{w whup uh hfwv wkh uhglvwulexwlrq ehwzhhq vdyhuv dqg zrunhuv dqg
lv srvlwlyh li vdyhuv kdyh d odujhu vkduh lq wd{hv wkdq lq erqgv +E  dJ, dqg kdyh qrupdo
ghpdqgv1 Wkh qdo whup uh hfwv wkh lqwhujhqhudwlrqdo uhglvwulexwlrq ehwzhhq rog vdyhuv
zkhq wkh srolf| lv lpsohphqwhg dqg odwhu frkruwv1 Lw lv dovr srvlwlyh zkhq wkh ghpdqg iru
vdih vhfrqg0shulrg frqvxpswlrq lv qrupdo +zklfk lpsolhv wkdw FL . NL @ 4  sM ML ? 4,
dqg wkh sulfh ri vhfrqg shulrg frqvxpswlrq/ sM / lv ehwzhhq }hur dqg rqh/ wkdw lv/ wkh vdih
lqwhuhvw udwh lv srvlwlyh/ dv zh kdyh dvvxphg1 Wkxv gsM @g ? 3/ dv zdv wkh fdvh zlwkrxw
odqg1
Iurp +69, zh qrwh wkdw wkh suhvhqfh ri orqj0olyhg dvvhwv/ O3 . O A 3/ ghfuhdvhv wkh
vhqvlwlylw| ri lqwhuhvw udwhv wr wuxvw ixqg glyhuvlfdwlrq/ dqg wkxv ghfuhdvhv wkh vl}h ri wkh
lqwhuhvw udwh lqfuhdvh1
Zh fdq jhw ixuwkhu lqirupdwlrq derxw wkh vl}h ri gS@g e| pxowlso|lqj rxw wkh whupv lq
+69,1 Lq wkh wklug olqh ri +69,/ uhsodfh +FL .NL ,+O3 .S ,.gS@gsM zlwk sM igS@gsM j.{1
Xvlqj wkh irupxod +4sM ,gS@gsM @ +O3 .S , ghulyhg lq +67,/ dqg wkh idfw wkdw +FL .NL , ?
4/ zh nqrz wkdw { A 31 Qrz pxowlso|lqj rxw wkh whupv lq +69,/ dqg xvlqj wkh idfw wkdw
wkh uhvw ri wkh whupv lq wkh ghqrplqdwru ri +69, duh srvlwlyh dqg wkh idfw wkdw gsM @g ? 3/
jlyhv sM gS@g ? 4/ frqfoxglqj wkh surri ri 5e-1 Zh pljkw lqwhusuhw wkh txdqwlwdwlyh
sduw ri 5e- dv iroorzv1 Jlyhq wkdw d shulrg lq wklv prgho uhsuhvhqwv vrphwklqj olnh 63
|hduv/ dqg wkdw wkh uhdo lqwhuhvw udwh kdv klvwrulfdoo| ehhq derxw 516( shu dqqxp/ d fuxgh
hvwlpdwh ri sM lv derxw 45 1 D '833 eloolrq wudqvihu ri wuxvw ixqg dvvhwv iurp erqgv lqwr
vwrfn/ pdlqwdlqhg wkhuh iruhyhu/ pxvw orzhu odqg sulfhv/ exw frxog qrw orzhu odqg sulfhv
e| pruh wkdq '4 wuloolrq1
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Djjuhjdwh Lqyhvwphqw

Dv qrwhg lq +64,/ wkh ohyho ri lqyhvwphqw lq vkruw0whup surgxfwlrq srvvlelolwlhv/ N i .N  
O/ lv htxdo wr wkh hqgrzphqw ri |rxqj vdyhuv ohvv wkhlu uvw0shulrg frqvxpswlrq/ ohvv wkh
dprxqw vshqw rq sxufkdvlqj odqg/ ohvv wkh xqlhg qhw ghew ri wkh jryhuqphqw1 Qrwh wkdw
O lv frqvwdqw1 Khqfh wkh fkdqjh lq vkruw0whup ulvn| lqyhvwphqw lv jlyhq e| wkh fkdqjh
lq wkh UKV ri htxdwlrq +64,1 Glhuhqwldwlqj +64,/ xvlqj Voxwvn| zlwk lqfrph hhfw iurp
+66,/ dqg wkh ghulydwlyh ri S iurp +67,/ jlyhv
gn@g @
@
@
@

+6:,
giN  . N i j@g @ ^g+F  . S ,@gsM `^gsM @g`
f

iFs . +FL ,++E  dJ,@sM . O3 . S , . gS@gsM j^gsM @g`
iiFsf  +FL ,+E  dJ,@sM j . i+FL ,+O3 . S , . gS@gsM jj^gsM @g`
iiFsf j  iFL +E  dJ,@sM j . i+O3 . S ,+4@+4  sM ,  FL ,jj^gsM @g` A 3=

Wkh uvw whup Fsf lq wkh odvw olqh lv wkh frpshqvdwhg furvv hodvwlflw| ri uvw0shulrg frq0
vxpswlrq zlwk uhvshfw wr wkh sulfh ri vhfrqg0shulrg vdih frqvxpswlrq1 Li wkh ghpdqg iru
ulvnohvv vhfrqg shulrg frqvxpswlrq lv qrupdo/ wkhq F  dqg M  duh Klfnvldq vxevwlwxwhv
dqg wklv whup lv srvlwlyh +Dxud/ Gldprqg/ dqg Jhdqdnrsorv/ 4<<<,1 Zlwk qrupdolw| ri
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ghpdqg iru uvw shulrg frqvxpswlrq dqg uhglvwulexwlrq iurp vdyhuv wr zrunhuv +E  dJ,
wkh vhfrqg whup lv srvlwlyh1 Wkh wklug whup lv dovr srvlwlyh zkhq wkh ghpdqgv iru vhfrqg0
shulrg vdih dqg ulvn| frqvxpswlrq duh qrupdo +FL ? 4, dqg wkh sulfh ri vhfrqg shulrg
frqvxpswlrq/ sM / lv ehwzhhq }hur dqg rqh/ wkdw lv/ wkh vdih lqwhuhvw udwh lv srvlwlyh/ dv zh
kdyh dvvxphg1 Pxowlso|lqj e| wkh plqxv vljq lq iurqw dqg e| gsM @g ? 3 jlyhv d srvlwlyh
qxpehu1
Uhsodflqj ^gsM @g` lq wkh uvw olqh ri +6:, e| wkh uvw olqh ri +69,/ zh jhw gn@g @
^g+F  . S ,@gsM `@^g+F  . N  . S ,@gsM `1 Iurp wklv zh vhh wkdw zkhwkhu gn@g lv deryh ru
ehorz rqh ghshqgv rq wkh vljq ri gN  @gsM / zklfk lv wkh vljq ri Nsf  NL i^+E  dJ,@sM ` .
+O3 . S ,j1 Wkh frpshqvdwhg ghulydwlyh/ Nsf / lv srvlwlyh vlqfh wkh wzr dvvhwv duh Klfnvldq
vxevwlwxwhv1 Wkxv/ zh vhh wkdw li +E  dJ, A sM +O3 . S ,/ wkhq giN  . N i j@g ? 41
Exw li +E  dJ, ? sM +O3 . S ,/ dqg Nsf lv vpdoo +lw frxog eh }hur li zh glg qrw pdlqwdlq
h{shfwhg xwlolw| pd{lpl}dwlrq  vhh irrwqrwh 4:,/ wkhq giN  . N i j@g frxog eh juhdwhu
wkdq 41 Lq vxfk d fdvh/ wkh gurs lq wkh ydoxh ri odqg jlyhv vxfk d elj srvlwlyh lqfrph
errvw wr |rxqj vdyhuv/ zkr duh ex|huv ri wkh odqg/ wkdw wkh| lqfuhdvh wkhlu kroglqjv ri
ulvn| dvvhwv N  hyhq zkloh wkh frpshwlqj uhwxuq rq vdih dvvhwv kdv jrqh xs1 Wkxv d wuxvw
ixqg sxufkdvh ri '833 eloolrq ri ulvn| dvvhwv frxog lqfuhdvh uhdo lqyhvwphqw e| pruh wkdq
'833 eloolrq1

<

Vrfldo Vhfxulw| Glyhuvlfdwlrq lq wkh Vdih Olqhdu
Fdvh
zlwk Odqg

Zh qrz wxuq wr hfrqrplhv wkdw glvsod| wkh wklug htxloleulxp uhjlph/ zkhuh wkhuh duh rqh0
shulrg vdih uhdo dvvhwv exw qr rqh0shulrg ulvn| dvvhwv khog lq htxloleulxp1 Pdq| ri rxu
suhfhglqj uhvxowv duh qrz uhyhuvhg1 Zkloh qrw uhdolvwlf/ wklv fdvh vkrzv wkh lpsruwdqfh
ri glplqlvkhg ulvn| lqyhvwphqw rssruwxqlwlhv1 Lq wklv h{wuhph fdvh/ wkh lqwhuhvw udwh lv
ghwhuplqhg e| wkh uhwxuq rq vdih uhdo rqh0shulrg dvvhwv/ sM @ 4@+4 . u, @ 4@U3 / dqg wkh
sulfh ri vdih odqg lv whfkqrorjlfdoo| ghwhuplqhg dv zhoo1 Zlwk qr fkdqjh lq wkh lqwhuhvw
udwh/ wd{hv gr qrw fkdqjh1 Wkh sulfh ri ulvn| frqvxpswlrq/ dqg wkxv wkh sulfh ri ulvn|
odqg/ duh ghwhuplqhg e| pdunhw fohdudqfh/ uh hfwlqj erwk wkh jlyhq lqwhuhvw udwh dqg wkh
hydoxdwlrq ri ulvn| frqvxpswlrq e| vdyhuv1
Uhfdoo wkdw zh kdyh dvvxphg wkh suhvhqfh ri d vkruw0whup ulvn| qdqfldo dvvhw surplv0
lqj U txlwh dsduw iurp zkhwkhu wkhuh lv dq| uhdo ulvn| surgxfwlrq1 D vhoohu ri wklv dvvhw
frxog vlpso| gholyhu rxw ri odqg glylghqgv/ zlwkrxw surgxflqj dq| ulvn| rxwsxw1 Wkxv
hyhq zkhq wkhuh lv qr ulvn| surgxfwlrq/ zh fdq ghqh vrfldo vhfxulw| glyhuvlfdwlrq h{0
dfwo| dv ehiruh/ qdpho| dv wkh vdoh ri erqgv dqg wkh sxufkdvh ri vkruw0whup ulvn| vhfxulwlhv1
Uhfdoo dovr wkdw vwduwlqj iurp d srvlwlrq zlwk qr ulvn| vhfxulwlhv/ wuxvw ixqg sxufkdvhv ri
vkruw0whup ulvn| dvvhwv lq h{fkdqjh iru erqgv kdv h{dfwo| wkh vdph hhfw dv wkh wuxvw ixqg
sxufkdvh ri ulvn| odqg lq h{fkdqjh iru erqgv1
Lq wkh devhqfh ri ulvn| surgxfwlrq/ wkh rqo| vrxufh ri ulvn| frqvxpswlrq lv ulvn| odqg/
dqg hdfk dfuh ri ulvn| odqg surylghv rqh xqlw ri ulvn| frqvxpswlrq1 +Khqfh N  fdq eh
lqwhusuhwhg dv wkh vdyhuv* ghpdqg iru ulvn| odqg1, Pdunhw fohdulqj lq wkh pdunhw iru ulvn|
frqvxpswlrq/ +5<1h5-,/ qrz uhgxfhv wr=
N  +sM > sN > Z  sM W +sM ,, . @sN @ O
N  +sM > sN > Z  sM W +sM ,, . N i @ O
N  +4@U3 > sN > Z  +4@U3 ,dJ+U3  4,, . N i @ O=
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+6;,

<14

H{shfwhg Xwlolw|/ wkh Sulfh ri Ulvn| Frqvxpswlrq/ wkh Sulfh
ri Odqg/
dqg Sursrvlwlrq 6-

Zlwk wkh lqwhuhvw udwh {hg e| wkh uhwxuq rq ulvnohvv lqyhvwphqwv/ vdyhuv* xwlolw| fkdqjhv
rqo| rq dffrxqw ri d fkdqjh lq sulfh ri ulvn| frqvxpswlrq1 Zh kdyh iurp wkh exgjhw vhw
+5,/ iurp wkh hqyhorsh wkhruhp/ dqg iurp +6;, wkdw=
CY@CsN @ X43 iN  j @ X43 iO  N i j
gY @g @ X43 iO  N i jgsN @g=

+6<,

Wkxv wkh h{shfwhg xwlolw| ri vdyhuv pryhv lq wkh rssrvlwh gluhfwlrq iurp wkh sulfh ri
ulvn| lqyhvwphqw1 Vlqfh wkh wuxvw ixqg dggv wr wkh ghpdqg iru ulvn| dvvhwv/ zh vkrxog qrw
eh vxusulvhg wr qg wkdw sN ulvhv diwhu vrfldo vhfxulw| glyhuvlfdwlrq1 Wkh uhvxow lv wkdw
doo vdyhuv/ vwduwlqj iurp wkh |rxqj dw wkh wlph ri vrfldo vhfxulw| glyhuvlfdwlrq/ orvh1
Wklv udlvhv dq lqwhuhvwlqj srlqw iru wkh fxuuhqw sulydwl}dwlrq ghedwh1 Pdq| ri wrgd|*v
|rxqj duh fodprulqj iru glyhuvlfdwlrq rq wkh jurxqgv wkdw vwrfnv hduq kljkhu uhwxuqv
wkdq erqgv1 Exw dq| udwlrqdo |rxqj vdyhu vkrxog douhdg| eh lqyhvwlqj vr pxfk ri klv
zhdowk lq vwrfn wkdw kh lv lqglhuhqw rq wkh pdujlq ehwzhhq ixuwkhu lqyhvwphqwv lq vwrfnv
dqg erqgv1 Wkxv li sulfhv glg qrw fkdqjh/ wkh gluhfw hhfw ri vrfldo vhfxulw| glyhuvlfdwlrq
vkrxog eh luuhohydqw wr d |rxqj vdyhu +hyhq vxssrvlqj kh lv fryhuhg e| vrfldo vhfxulw|,1
Krzhyhu/ li wkh h{wud ghpdqg iru ulvn| dvvhwv udlvhv sN +htxlydohqwo|/ li lw orzhuv wkh
h{shfwhg uhwxuq vdyhuv fdq jhw ryhu wkhlu olyhv,/ wkhq htxdwlrq +6<, vkrzv wkdw lw uhgxfhv
wkhlu zhoiduh/ surylghg wkdw wkh ulvnohvv udwh grhv qrw dovr fkdqjh1
Zh fdq lqghhg ghgxfh iurp glhuhqwldwlqj +6;,/ dqg xvlqj wkh lqfrph hhfw whup
fdofxodwhg lq +6<,/ wkdw sN grhv ulvh diwhu vrfldo vhfxulw| glyhuvlfdwlrq
gsN @g @ 4@isN igN  ^sM > sN > Z  sM W +sM ,`@gsN  @+sN ,5 jj
@ 4@isN NsfN  sN NL ^O  N i `j  @sN j A 3=

+73,

Vlqfh frpshqvdwhg rzq sulfh hhfwv duh dozd|v qhjdwlyh/ dqg N  lv d qrupdo jrrg/ doo
wkh whupv lq wkh ghqrplqdwru duh qhjdwlyh1 Pxowlsolhg e| wkh qhjdwlyh vljq rxwvlgh/ zh jhw
wkh fodlphg uhvxow1 Lq vkruw/ zlwk ulvn| vhfrqg0shulrg frqvxpswlrq ehlqj d qrupdo jrrg/
wkh ghpdqg lv grzqzdug vorslqj dqg wkh sulfh sN pxvw ulvh lq uhvsrqvh wr dq lqfuhdvh lq
wuxvw ixqg kroglqjv ri odqg lq rughu wr fohdu wkh pdunhw1
Iurp wkh frqqhfwlrq ehwzhhq sN dqg wkh sulfh ri ulvn| odqg ghulyhg deryh/ zh frqfoxgh
wkdw wkh sulfh ri ulvn| odqg dovr ulvhv
gs3 @g @ +gs3 @gsN ,+gsN @g, @ 3
gs@g @ +gs@gsN ,+gsN @g, @ ^4@+4  sM ,`+gsN @g,
gS@g @ Ogs@g @ ^O@+4  sM ,`+gsN @g, @ ^OU3 @+U3  4,`+gsN @g,=

+74,

Sxwwlqj +73, dqg +74, wrjhwkhu vkrzv wkdw ulvn| odqg dqg wrwdo odqg sulfhv ulvh diwhu
glyhuvlfdwlrq/ zkhq wkhuh lv qr ulvn| lqyhvwphqw xqghuwdnhq lq htxloleulxp1 Zlwk d ulvh
lq wkh sulfh ri odqg/ wkh xwlolw| ri rog vdyhuv ulvhv zkhq wkh srolf| lv lpsohphqwhg/ vlqfh
wkh ydoxh ri wkh odqg wkh| duh kroglqj ulvhv1 Lq wxuq/ wklv orzhuv wkh h{shfwhg xwlolw| ri
|rxqj vdyhuv dqg wkrvh lq ixwxuh frkruwv1 Vwduwlqj iurp d wuxvw ixqg lqyhvwhg h{foxvlyho|
lq erqgv/ wkh h{shfwhg xwlolw| ri zrunhuv lv lqfuhdvhg e| glyhuvlfdwlrq lq wkh vdph zd|
dv lq Sursrvlwlrq 41 Zh dovr zloo vkrz wkdw djjuhjdwh lqyhvwphqw ghfuhdvhv lqvwhdg ri
lqfuhdvlqj1 Zh vxppdul}h rxu uhvxowv lq wkh iroorzlqj sursrvlwlrq=
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Sursrvlwlrq 6d- Dvvxplqj wkh suhvhqfh ri vdih uhdo rqh0shulrg lqyhvwphqwv/ exw qr
ulvn| uhdo rqh0shulrg lqyhvwphqwv/ dqg wkdw ghpdqg iru ulvn| vhfrqg shulrg frqvxpswlrq
lv qrupdo/ wkhq/ wuxvw ixqg sxufkdvhv ri ulvn| lqyhvwphqw lqfuhdvh wkh sulfh ri ulvn| frq0
vxpswlrq/ dqg ghfuhdvh djjuhjdwh uhdo lqyhvwphqw1
Sursrvlwlrq 6e- Pruhryhu/ vrfldo vhfxulw| glyhuvlfdwlrq udlvhv wkh sulfh ri ulvn| odqg/
ohdylqj wkh sulfh ri ulvnohvv odqg xqfkdqjhg1 Wkh wrwdo ydoxh ri odqg jrhv xs1
Sursrvlwlrq 6f- Vwduwlqj iurp d wuxvw ixqg lqyhvwhg h{foxvlyho| lq erqgv/ wuxvw ixqg
sxufkdvhv ri ulvn| lqyhvwphqwv lqfuhdvh wkh h{shfwhg xwlolw| ri doo zrunhuv +h{fhsw wkh rog
dw wkh wlph wkh srolf| lv lpsohphqwhg/ zkr duh xqdhfwhg,1 Rog vdyhuv dw wkh wlph wkh
srolf| lv lpsohphqwhg duh dovr khoshg1 Doo |rxqj dqg ixwxuh vdyhuv orvh xwlolw| dv d uhvxow
ri wkh srolf|1 Vrfldo zhoiduh/ zlwk qhxwudo zhljkwv/ lv lqfuhdvhg1

<15

Djjuhjdwh Lqyhvwphqw

Lw uhpdlqv wr suryh wkdw djjuhjdwh lqyhvwphqw ghfolqhv diwhu wuxvw ixqg glyhuvlfdwlrq1 Zh
ehjlq e| h{dplqlqj htxloleulxp frqglwlrq +5<1h4-,1 Uhduudqjlqj +5<1h4-,/ xvlqj exgjhw
vhw +5,/ dqg pdunhw fohdudqfh iru ulvn| frqvxpswlrq +5<1h5-, jlyhv=
+75,
U3 n3 @ M  +sM > sN > Z  sM W +sM ,, . W +sM ,  +O3 . S ,  U3 +J  I3 . sN N i ,
@ U3 +Z  F  +4@U3 > sN > Z  dJ+U3  4,@U3 ,  sN N  ,  +O3 . S ,  U3 +J  I3 . sN N i ,
@ U3 +Z  F  +4@U3 > sN > Z  dJ+U3  4,@U3 ,,  +O3 . S ,  U3 +J  I3 . sN O,=
Glylglqj e| U3 / glhuhqwldwlqj zlwk uhvshfw wr / vxevwlwxwlqj iru wkh ghulydwlyh ri S iurp
+74,/ dqg wkhq xvlqj wkh Voxwvn| htxdwlrq wrjhwkhu zlwk wkh lqfrph hhfw ghulyhg lq +6<,/
zh kdyh=
gn3 @g @ +gF  @gsN . O@+U3  4, . O,+gsN @g,
@ +FsfN  FL ^O  N i ` . OU3 @+U3  4,,+gsN @g,

+76,

@ +FsfN . O^+U3 @+U3  4,,  FL ` . FL N i ,+gsN @g, ? 3=

Wr vhh wkdw wkh ghulydwlyh gn3 @g lv qhjdwlyh/ qrwh uvw wkdw vlqfh N lv qrupdo/ F dqg N duh
Klfnvldq vxevwlwxwhv +vhh Dxud/ Gldprqg/ dqg Jhdqdnrsorv +4<<<,,/ vr gF f @gsN A 31 E|
qrupdolw| ri N dqg M/ FL ? 41 Vlqfh U3 @+U3 4, A 4/ wkh vhfrqg whup lv srvlwlyh1 Ilqdoo|/
vlqfh F  lv qrupdo dqg wkh wuxvw ixqg kroglqjv ri ulvn| frqvxpswlrq duh qrqqhjdwlyh/ wkh
odvw whup lv srvlwlyh dv zhoo1 Wkxv wkh vxp lq sduhqwkhvlv lv srvlwlyh/ dqg vlqfh gsN @g A 3/
vdih lqyhvwphqw ghfolqhv1
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Vrfldo Vhfxulw| Glyhuvlfdwlrq zlwk Odqg/
exw Qr Vkruw0whup Surgxfwlrq

Lq wkh prghov deryh/ rqh +ru erwk, ri wkh udwhv ri uhwxuq zdv ghwhuplqhg e| wkh olqhdu
whfkqrorj|1 Zh wxuq qrz wr hfrqrplhv zlwk vwhdg| vwdwh htxloleuld zkhuh wkhuh lv qr
vkruw0whup surgxfwlrq dw doo/ lpso|lqj wkdw zh pxvw vroyh wzr pdunhw0fohdulqj frqglwlrqv
vlpxowdqhrxvo| lq rughu wr ghwhuplqh wkh wzr hqgrjhqrxv frqvxphu jrrg sulfhv1 Wklv
vlpxowdqhlw| sureohp pdnhv wkh dqdo|vlv pxfk kdughu/ vr zh ghihu wkh surriv wr wkh qh{w
vhfwlrq dqg wr wkh Dsshqgl{1
Zkhq wkh rqo| rxwsxw frphv iurp odqg lq {hg vxsso|/ wkhuh lv qr uhvsrqvh lq vxsso|
wr d fkdqjh lq flufxpvwdqfhv1 Doo wkh dgmxvwlqj pxvw wkhuhiruh frph wkurxjk sulfhv1 Zh
5:

qg wkdw lq wklv fdvh wkh suhvxpswlrq lv wkdw odqg jrhv xs lq ydoxh diwhu vrfldo vhfxulw|
glyhuvlfdwlrq1
Dv lq Vhfwlrq </ zh wklqn ri N i dv uhsuhvhqwlqj wkh dftxlvlwlrq ri vkruw0whup ulvn|
uhwxuqv e| wkh wuxvw ixqg1 Dv zh phqwlrqhg hduolhu/ li wkh wuxvw ixqg ruljlqdoo| krogv qr
ulvn| dvvhwv/ wkh hhfw ri vpdoo sxufkdvhv ri ulvn| odqg kdv wkh vdph hhfw dv wkh sxufkdvh
ri ulvn| frqvxpswlrq1
Zh ehjlq/ dv xvxdo/ e| fdofxodwlqj wkh hhfw ri vrfldo vhfxulw| glyhuvlfdwlrq rq vdyhuv*
zhoiduh1 Vlqfh erwk sulfhv sM dqg sN pd| pryh lq uhvsrqvh wr d fkdqjh lq / zh kdyh d
pruh frpsolfdwhg h{suhvvlrq wkdq ehiruh/ lq hhfw frpelqlqj wkh xwlolw| hhfwv ri uhjlphv
5 dqg 6/ dv jlyhq lq +66, dqg +6<,1
+77,
gY @g @ +CY@CsM ,+gsM @g, . +CY @CsN ,+gsN @g,
3

3

@ X4 iM  g^sM W +sM ,`@gsM j+gsM @g, . X4 iN j+gsN @g,
@ X43 i^^E  +4  sM ,dJ`@sM . O3 . S `  g^+4  sM ,dJ`@gsM j+gsM @g,
. X43 i+O  N i ,j+gsN @g,
@ X43 i^E  dJ`@sM . O3 . S j+gsM @g,  X43 iO  N i j+gsN @g,
@ X43 i^^E  dJ`@sM `+gsM @g, . +4  sM ,+gS@g,  N i +gsN @g,j=
Wkh odvw htxdolw| iroorzv iurp glhuhqwldwlqj S @ +O3 . S ,sM . OsN / zklfk jlyhv +4 
sM ,gS @ +O3 . S ,gsM . OgsN 1 Revhuyh/ iurp wkh irxuwk htxdolw| ri +77,/ wkdw wkh hhfw
ri sM rq zhoiduh ghshqgv rq wkh vljq ri i^E  dJ`@sM . O3 . S j1 Iurp wkh odvw olqh ri
+77,/ zh frqfoxgh wkdw li N i @ 3/ dqg E @ dJ/ wkhq vdyhuv* zhoiduh jrhv xs li dqg rqo| li
wkh sulfh ri odqg jrhv grzq1 Wklv lv wr eh h{shfwhg/ vlqfh zlwk N i @ 3/ vdyhuv pxvw ex|
doo wkh odqg lq htxloleulxp1
Qh{w zh lqglfdwh wkdw wkh h{shfwhg fkdqjhv gr rffxu lq wkh sulfhv ri frqvxphu jrrgv
diwhu vrfldo vhfxulw| glyhuvlhv lqwr ulvn| dvvhwv= wkh sulfh ri wkh jrrg zlwk lqfuhdvhg
ghpdqg jrhv xs/ zkloh wkh sulfh ri wkh jrrg zlwk ghfuhdvhg ghpdqg jrhv grzq1 Wkh
surri ri Sursrvlwlrqv 7d- 7f- zloo eh jlyhq dv vshfldo fdvhv ri wkh pruh jhqhudo prgho
suhvhqwhg lq wkh qh{w vhfwlrq1
Sursrvlwlrq 7d- Vxssrvh wkhuh lv qr vkruw0whup surgxfwlrq1 Vxssrvh wkdw ghpdqgv duh
qrupdo dqg wkh vdyhuv* vkduh ri wd{hv lv dw ohdvw dv odujh dv wkhlu vkduh ri erqgv +E  dJ,1
Wkhq wuxvw ixqg glyhuvlfdwlrq udlvhv sN dqg orzhuv sM 1
Zh wxuq qrz iurp wkh sulfhv ri vhfrqg0shulrg frqvxpswlrq wr wkh sulfhv ri odqg1 Zh
kdyh vhhq lq Vhfwlrq : wkdw li surgxfwlrq lv h{foxvlyho| ulvn|/ wkhq wrwdo odqg ydoxhv jr
grzq diwhu vrfldo vhfxulw| glyhuvlfdwlrq1 Rq wkh rwkhu kdqg/ zh vdz lq Vhfwlrq ; wkdw li
surgxfwlrq lv h{foxvlyho| vdih/ wkhq wrwdo odqg ydoxhv jr xs diwhu glyhuvlfdwlrq1 D qdwxudo
txhvwlrq lv zkdw kdsshqv zkhq wkhuh lv qr vkruw0whup surgxfwlrqB Iurp Sursrvlwlrq 7d-/
zh douhdg| nqrz wkdw +zkhq wkhuh lv qr vkruw0whup surgxfwlrq, glyhuvlfdwlrq orzhuv wkh
sulfh ri vdih odqg/ dvvxplqj E  dJ/ vlqfh lw udlvhv lqwhuhvw udwhv1 Sursrvlwlrq 7e- dvvhuwv
wkdw xqghu dq dgglwlrqdo uhvwulfwlrq/ vrfldo vhfxulw| glyhuvlfdwlrq udlvhv wkh sulfh ri ulvn|
odqg/ dqg ri wrwdo odqg1 Uhpdundeo|/ zlwk wklv uhvwulfwlrq/ wrwdo odqg ydoxh jrhv xs qr
pdwwhu zkdw wkh sursruwlrq ri vdih odqg dqg ulvn| odqg/ hyhq dv vdih odqg jrhv grzq lq
ydoxh1 Wkh qhz frqglwlrq lv wkdw ^+4d,JI3 `@sM .dJ  31 Li wkh wuxvw ixqg lv vx!flhqwo|
vpdoohu wkdq wkh vwrfn J ri jryhuqphqw erqgv/ wkh frqglwlrq dxwrpdwlfdoo| krogv1 Li
 @ 3/ wklv frqglwlrq fdq eh zulwwhq htxlydohqwo| dv +4  sM ,dJ  E ru dJ  +4 . u,E1
Wkh frqfoxvlrq wkdw wrwdo odqg sulfhv ulvh diwhu glyhuvlfdwlrq dovr krogv zlwkrxw wkh h{wud
frqglwlrq li vdyhuv glvsod| frqvwdqw devroxwh ulvn dyhuvlrq1 Ilqdoo|/ Sursrvlwlrq 7e- dvvhuwv
wkdw zkhq wkh wuxvw ixqg lv frpsohwho| xqixqghg/ vwduwlqj sulydwh dffrxqwv lq htxlwlhv ru
5;

vwduwlqj d wuxvw ixqg wkdw eruurzv wr krog htxlwlhv zloo udlvh wkh wrwdo sulfh ri odqg li dqg
rqo| li rog vdyhuv glvsod| lqfuhdvlqj uhodwlyh ulvn dyhuvlrq1
Sursrvlwlrq 7e- Vxssrvh wkdw X5 glvsod|v ghfuhdvlqj devroxwh ulvn dyhuvlrq dqg lq0
fuhdvlqj uhodwlyh ulvn dyhuvlrq1 Vxssrvh wkdw ruljlqdoo|  @ N i @ 31 Vxssrvh wkdw wkh
vdyhuv* vkduh ri wd{hv lv juhdwhu wkdq wkhlu ruljlqdo vkduh ri jryhuqphqw erqgv= E  dJ @
^+4  d,J  I3 `  31 Vxssrvh wkdw lq wkh ruljlqdo htxloleulxp/ ^+4  d,J  I3 `@sM . dJ  31
Wkhq vrfldo vhfxulw| glyhuvlfdwlrq lqwr ulvn| odqg udlvhv wkh sulfh ri ulvn| odqg/ orz0
huv wkh sulfh ri vdih odqg/ dqg udlvhv wkh wrwdo ydoxh ri odqg/ surylghg wkdw O A 31 Li
^+4  d,J  I3 `@sM . dJ ? 3/ exw wkhuh lv frqvwdqw devroxwh ulvn dyhuvlrq/ wkhq wkh suhyl0
rxv frqfoxvlrqv vwloo krog1
Fruroodu| 7e-14 Frqvlghu wkh yhu| vshfldo fdvh zkhuh wkh ruljlqdo wuxvw ixqg lv }hur/
I @  @ I3 @ 3/ dqg vdyhuv sd| doo wkh lqfrph wd{hv iru lqwhuhvw/ d @ 41 Wkhq vrfldo
vhfxulw| glyhuvlfdwlrq lqwr ulvn| odqg udlvhv wkh wrwdo ydoxh ri odqg li rog vdyhuv glvsod|
lqfuhdvlqj uhodwlyh ulvn dyhuvlrq +qr pdwwhu zkdw wkhlu devroxwh ulvn dyhuvlrq,/ dqg orzhuv
wkh ydoxh ri odqg li rog vdyhuv glvsod| ghfuhdvlqj uhodwlyh ulvn dyhuvlrq163
Sursrvlwlrq 7f- Pruhryhu/ xqghu wkh frqglwlrqv ri Sursrvlwlrq 7e-/ vrfldo vhfxulw|
glyhuvlfdwlrq lqwr ulvn| odqg lpsuryhv zhoiduh iru rog vdyhuv dqg doo ixwxuh zrunhuv/ dqg
orzhuv wkh zhoiduh ri doo |rxqj dqg ixwxuh vdyhuv1
Sursrvlwlrq 7f- iroorzv lpphgldwho| iurp Sursrvlwlrqv 7d- dqg 7e- dqg iurp wkh
h{suhvvlrq iru vdyhuv* zhoiduh ghulyhg lq +77,1 Djdlq zh ghihu wkh surri ri Sursrvlwlrq 7exqwlo wkh qh{w vhfwlrq1
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Frqfdyh Surgxfwlrq Whfkqrorj|

Lq wkh prghov dqdo|}hg deryh/ vkruw0uxq whfkqrorjlhv zhuh hlwkhu olqhdu ru qrw zruwk xvlqj1
Zlwkrxw dowhulqj wkh dvvxpswlrq wkdw zdjhv duh {hg/ zh qrz frqvlghu d prgho lq zklfk
wkh uhwxuq wr lqyhvwphqw ghfuhdvhv zlwk wkh ohyho ri lqyhvwphqw1 Zh vxssrvh wkdw wkh
vdih whfkqrorj| wdnhv wkh irup i+n3 , dqg wkdw wkh ulvn| whfkqrorj| qrz wdnhv wkh irup
j+n,U/ zkhuh i dqg j duh wzlfh glhuhqwldeoh dqg frqfdyh dqg U lv vwrfkdvwlf/ dv deryh1
Zh vxssrvh wkh surgxfwlyh vhfwruv ri wkh hfrqrp| duh rzqhg hqwluho| e| wkh vdyhuv164
Hdfk vdyhu wkhuhiruh uhfhlyhv d uhqw ru surw iurp rzqhuvkls ri whfkqrorj|/ lq dgglwlrq
wr klv zdjh/ dv lqfrph165 Wkh prgho lv pxfk pruh frpsolfdwhg wkdq wkh olqhdu prgho
frqvlghuhg lq Vhfwlrqv 4</ vlqfh wkhuh duh qrz wzr iuhh sulfhv/ dqg lw lv qr orqjhu hdv|
wr fdofxodwh h{solflw irupxodv iru wkh hhfwv ri vrfldo vhfxulw| glyhuvlfdwlrq1 Wklv prgho
lqfoxghv doo wkh suhylrxv prghov dv vshfldo fdvhv1
E| jhqhudol}lqj wkh prgho zh fdq vhh zkdw jhqhudo txdolwdwlyh surshuwlhv shuvlvw dfurvv
doo wkh htxloleulxp uhjlphv vwxglhg lq Vhfwlrqv 40<1 Zh qg lq wklv vhfwlrq wkdw/ lq jhqhudo/
vrfldo vhfxulw| glyhuvlfdwlrq udlvhv wkh ulvnohvv lqwhuhvw udwh/ dqg orzhuv wkh h{shfwhg vkruw0
whup ulvn| uhwxuq1 Lw ghfuhdvhv vdih lqyhvwphqw dqg lqfuhdvhv ulvn| lqyhvwphqw1 Lwv hhfw
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6 3 Zh dovr vkrz lq wkh qh{w vhfwlrq wkdw li
'
/ dqg ' f/ wkhq vrfldo vhfxulw|
2 lv txdgudwlf/ dqg
glyhuvlfdwlrq udlvhv wkh wrwdo ydoxh ri odqg1
6 4 Wkdw lv/ hdfk ri wkh xqlw phdvxuh ri vdyhuv rzqv dffhvv wr wkhvh whfkqrorjlhv lq whupv ri rzq fdslwdo
lqsxw1 Vlqfh hdfk vdyhu zloo lqyhvw wkh vdph dprxqw/ zh fdq gr wkh dqdo|vlv lq whupv ri djjuhjdwhv1
6 5 Wklv prgholqj dssurdfk glhuv iurp wkdw zlwk dq h{whuqdolw| wkdw frxog uhvxow lq wkh vdph djjuhjdwh
rxwsxw ixqfwlrq/ exw zlwkrxw wkh vhsdudwlrq ri uhwxuqv ehwzhhq wkh uhwxuq rq fdslwdo lqsxwv dqg wkh
uhwxuq rq rzqhuvkls ri whfkqrorj|1 Wklv dowhuqdwlyh dssurdfk zrxog jlyh d odujhu uhwxuq wr wuxvw ixqg
lqyhvwphqw lq fdslwdo vlqfh wkhuh zrxog qrw eh dq lqfuhdvh lq wkh uhwxuq wr vdyhuv iurp rzqlqj whfkqrorj|1

5<

rq wrwdo lqyhvwphqw frxog lq jhqhudo jr hlwkhu zd|1 Txlwh riwhq/ djjuhjdwh lqyhvwphqw
zloo pryh lq wkh rssrvlwh gluhfwlrq iurp wrwdo odqg ydoxh1 Vrfldo vhfxulw| glyhuvlfdwlrq
whqgv wr ghfuhdvh wkh ydoxh ri odqg li ulvn| lqyhvwphqw fkdqjhv pruh wkdq vdih lqyhvwphqw/
fhwhulv sdulexv/ dqg lqfuhdvh wkh wrwdo ydoxh ri odqg li vdih lqyhvwphqw uhvsrqgv pruh1
Vrfldo vhfxulw| glyhuvlfdwlrq whqgv wr lqfuhdvh wkh wrwdo ydoxh ri odqg li vdyhuv glvsod|
lqfuhdvlqj uhodwlyh ulvn dyhuvlrq zkhq rog +ghfuhdvlqj wkh ydoxh ri odqg zlwk ghfuhdvlqj
uhodwlyh ulvn dyhuvlrq,/ fhwhulv sdulexv1 Ixuwkhupruh/ vrfldo vhfxulw| glyhuvlfdwlrq whqgv
wr lqfuhdvh wkh wrwdo ydoxh ri odqg li vdyhuv* rog frqvxpswlrq lv vdihu wkdq wkh uhwxuq iurp
doo odqg/ dqg ghfuhdvh wkh wrwdo ydoxh ri odqg li vdyhuv* rog frqvxpswlrq lv ulvnlhu wkdq wkh
uhwxuq iurp doo odqg1
Ehiruh wxuqlqj wr rxu prgho/ ohw xv qrwh wkdw wkhuh duh vwloo rwkhu yduldwlrqv rq wkh
prgho rqh pljkw odwhu frqvlghu1 D ixuwkhu jhqhudol}dwlrq ri wkh prgho zrxog kdyh ehhq wr
lqwurgxfh oderu dv d qrqvhsdudeoh lqsxw wr surgxfwlrq1 Li oderu zhuh dssolhg dw wkh vdph
wlph dv fdslwdo/ iru h{dpsoh/ dw sodqwlqj wlph/ ehiruh xqfhuwdlqw| lv uhvroyhg/ wkhuh zrxog
eh olwwoh dgglwlrqdo frpsolfdwlrq1 Exw li oderu lv dssolhg wr surgxfwlrq diwhu xqfhuwdlqw| lv
uhvroyhg/ iru h{dpsoh/ dw kduyhvw wlph +vr wkdw wkh fdslwdo ri rqh jhqhudwlrq frpelqhv zlwk
wkh oderu ri wkh qh{w,/ wkhq oderu lqfrph ehfrphv vwdwh ghshqghqw dqg wkhuh zrxog eh
qr vwhdg| vwdwh htxloleulxp +wkrxjk shukdsv d Pdunry htxloleulxp,1 Wkh frpsolfdwlrqv
ri orrnlqj iru d qrqvwdwlrqdu| htxloleulxp duh eh|rqg wkh vfrsh ri wklv sdshu1
Rqh frxog dovr doorz iru glvwlqfw prghov ri odqg/ ghshqglqj rq zkhwkhu rzqhuvkls
ri odqg hqvxuhv d jlyhq ohyho ri +srvvleo| vwrfkdvwlf, rxwsxw hdfk shulrg/ ru zkhwkhu wkh
rzqhuvkls ri odqg surylghv d jlyhq ohyho ri fdslwdo lqsxw wr surgxfwlrq hdfk shulrg1 Zkhq
wkh pdujlqdo surgxfw ri fdslwdo zdv jlyhq/ wkh wzr dssurdfkhv zhuh wkh vdph1 Wr olplw
wkh ohqjwk ri wkh sdshu/ zh pdlqwdlq rxu dvvxpswlrq wkdw wkh uhwxuqv iurp odqg duh
lqghshqghqw ri fdslwdo dffxpxodwlrq1
Zlwk rxu jhqhudol}dwlrq ri surgxfwlrq/ wkh rswlpl}dwlrq sureohp ri vdyhuv zkhq n A 3
qrz ehfrphv
Y

+78,
@ pd{ X4 ^F4 ` . HiX5 ^F5 `j


v1w1 Z @ F4 . E . n3 . n . s3 O3 . sO
F5 @ +4 . u,E . i +n3 , . j+n,U . O3 . s3 O3 . O U . sO  W +u,=

Dv xvxdo/ zh qg lw pruh frqyhqlhqw wr ghvfuleh htxloleulxp lq whupv ri exgjhw vhw +5,
dqg wkh yduldeohv F  / M  / N  / zklfk qrz uhtxluhv uhfrjqlwlrq ri wkh uhwxuq iurp rzqlqj
whfkqrorjlhv dv sduw ri wkh ghqlwlrq ri lqfrph/ L1 Zh ehjlq zlwk wkh surgxfwlyh vhf0
wru/ zklfk lv dvvxphg wr pd{lpl}h surwv/ wdnlqj dv jlyhq wkh sulfhv ri wkh frpsrvlwh
frpprglwlhv ri vdih dqg ulvn| vhfrqg0shulrg frqvxpswlrq1 Ohw
+sM > sN , @ pd{^sM i +n3 ,  n3 ` . pd{^sN j+n,  n`

+79,

Lqfrph iru wkh vdyhuv lv qrz ghqhg dv
L+sM > sN , @ Z  sM W +sM , . +sM > sN ,=

+7:,

Zlwk wklv ghqlwlrq ri lqfrph/ zh fdq ghqh vdyhuv* ghpdqgv F  / M  / N  iurp exgjhw vhw
+5, dv ehiruh1 Vwdwlrqdu| htxloleulxp lv qrz ghvfulehg e| d yhfwru +sM > sN > n> n3 , vdwlvi|lqj
+79,/ +7:,/ dqg +7;1h4--,+7;1h8--, ehorz1
M  +sM > sN > L+sM > sN ,, . W +sM , @ +J  I3 . ,@sM . O3 . S . i +n3 ,
N  +sM > sN > L+sM > sN ,, . @sN @ O . j+n,
sM @ 4@+4 . u, @ 4@i 3 +n3 , li n3 A 3
 4@i 3 +n3 , li n3 @ 3
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+7;1h4 ,
+7;1h5 ,
+7;1h6 ,

sN @ 4@j 3 +n, li n A 3
 4@j 3 +n, li n @ 3

+7;1h7 ,

S @ O3 sM @+4  sM , . OsN @+4  sM ,=
+7;1h8 ,
Zh vkdoo frqqh rxu dwwhqwlrq wr uhjxodu hfrqrplhv/ wkdw lv hfrqrplhv vdwlvi|lqj
wzr uhvwulfwlrqv1 Wkh uvw lv wkdw li lq dq| htxloleulxp/ hlwkhu vdih ru ulvn| lqyhvwphqw
lv qrw xqghuwdnhq/ wkhq wkh fruuhvsrqglqj sulfh2pdujlqdo surgxfw frqglwlrq lq +7;1h6--,
ru +7;1h7--, lv d vwulfw lqhtxdolw|1 Wkh vhfrqg uhvwulfwlrq lv wkdw dw hyhu| htxloleulxp/ li
zh olqhdul}h wkh yh htxdwlrqv +7;1h4--,+7;1h8--,/ dqg wkhq glhuhqwldwh zlwk uhvshfw wr
wkh yh yduldeohv +sM > sN > n> n3 > S ,/ zh jhw dq lqyhuwleoh pdwul{1 +Li frqglwlrq +7;1h6--,
ru +7;1h7--, lv d vwulfw lqhtxdolw|/ wkhq zh gurs wkh fruuhvsrqglqj surgxfwlrq lqsxw ohyho/
{lqj lw dw 3/ dqg dovr gurs wkh fruuhvsrqglqj htxdwlrq/ dqg orrn dw wkh uhpdlqlqj 7  7
ru 6  6 pdwul{,1 Lw fdq hdvlo| eh vkrzq wkdw qhduo| hyhu| hfrqrp| lv uhjxodu1 Wkxv wkhuh
lv doprvw qr orvv ri jhqhudolw| lq orrnlqj rqo| dw uhjxodu hfrqrplhv166
Dv lq wkh olqhdu prgho/ wkhuh duh irxu htxloleulxp uhjlphv ghshqglqj rq zkhwkhu
ulvn| ru vdih lqyhvwphqw lv xqghuwdnhq1 Qhyhuwkhohvv/ vlqfh doo irxu ri wkhvh uhjlphv duh
frqvlvwhqw zlwk wkh k|srwkhvlv wkdw wkh hfrqrp| lv uhjxodu/ zh fdq kdqgoh doo wkh fdvhv dv
sduw ri wkh vdph dqdo|vlv1 Rxu uvw sursrvlwlrq vkrzv wkdw wkh hhfwv ri vrfldo vhfxulw|
glyhuvlfdwlrq rq vkruw0whup sulfhv dqg lqyhvwphqw fdq eh jhqhudol}hg iurp doo irxu vshfldo
fdvhv ri wkh olqhdu prgho wr wkh pruh jhqhudo frqfdyh prgho ri wklv vhfwlrq1
Sursrvlwlrq 8d Vxssrvh zh kdyh d uhjxodu hfrqrp| zlwk frqfdyh vkruw0whup surgxfwlrq
whfkqrorj| dqg odqg1 Vxssrvh wkdw vdyhuv* ghpdqg lv qrupdo lq doo wkuhh jrrgv/ dqg wkdw
wkh vdyhuv* vkduh ri wd{hv lv juhdwhu wkdq ru htxdo wr wkhlu vkduh ri erqgv1 Wkhq wuxvw
ixqg glyhuvlfdwlrq +zhdno|, udlvhv sN dqg n dqg +zhdno|, orzhuv sM dqg n3 1 Lq zrugv/
vrfldo vhfxulw| glyhuvlfdwlrq udlvhv wkh ulvnohvv lqwhuhvw udwh/ orzhuv wkh h{shfwhg uhwxuq
rq vkruw0whup ulvn| vhfxulwlhv/ lqfuhdvhv ulvn| lqyhvwphqw/ dqg ghfuhdvhv vdih lqyhvwphqw1
Sursrvlwlrq 8d lqfoxghv Sursrvlwlrqv 4/ 5d/ 5d-/ 6d-/ dqg 7d- dv vshfldo fdvhv1 Ixu0
wkhupruh/ vlqfh lq wkh ulvn| olqhdu fdvh dqg lq wkh vdih olqhdu fdvh rqh ri wkh sulfhv sN
ru sM lv {hg e| wkh whfkqrorj|/ Sursrvlwlrq 8d dqg wkh irupxod +5<1h8--, iru odqg dovr
lpphgldwho| suryh Sursrvlwlrqv 5e- dqg 6e-1 \hw wkh surri ri Sursrvlwlrq 8d grhv qrw
qhhg wr pdnh uhihuhqfh wr glhuhqw htxloleulxp uhjlphv1 Rq wkh rwkhu kdqg/ wkh surri lv
lqgluhfw/ dqg surfhhgv e| qglqj d frqwudglfwlrq1 Wkh surri lv suhvhqwhg lq wkh Dsshqgl{1
Sursrvlwlrq 8d lv txdolwdwlyh/ vr zh fdqqrw xvh lw lq jhqhudo wr vljq wkh hhfw ri vrfldo
vhfxulw| glyhuvlfdwlrq rq djjuhjdwh lqyhvwphqw/ iru wkdw lqyroyhv frpsdulqj wkh pdjql0
wxgh ri wkh hhfw ri glyhuvlfdwlrq rq vdih lqyhvwphqw dqg rq ulvn| lqyhvwphqw1 Exw zh
fdq olqn wkh fkdqjh lq djjuhjdwh lqyhvwphqw zlwk wkh fkdqjh lq wrwdo odqg ydoxh1 Ehiruh
vwdwlqj wkh qh{w sursrvlwlrq/ ohw xv ghqrwh wkh h{suhvvlrq iru wkh sd|r iurp doo odqg
+lqfoxglqj glylghqgv dqg fdslwdo vdohv, e|  @ O3 . OU . S 1 Vxssrvh ZORJ wkdw wkh
xqlwv ri ulvn| odqg O dqg wkh xqlwv iru ulvn| surgxfwlrq j dqg U kdyh ehhq fkrvhq vr wkdw
lq wkh ruljlqdo htxloleulxp/ sM @ sN 1
Sursrvlwlrq 8e Vxssrvh zh kdyh d uhjxodu hfrqrp| zlwk frqfdyh vkruw0whup surgxfwlrq
dqg odqg/ dqg vxssrvh wkdw ruljlqdoo|  @ 31 Wkhq wkh fkdqjh lq ydoxh ri doo odqg gS
diwhu vrfldo vhfxulw| glyhuvlfdwlrq lv sursruwlrqdo wr
+7<,
gS  iS X433 ^F4 ` . +4@sM ,H^X533 ^F5 ``j+gn3 . gn,
5
33
33
 i^+4  d,J  I3 `@sM jH^X5 ^F5 ``gsM . +4@sM ,H^X5 ^F5 `^4  U``+g  gn,

lv/ li zh hqgrz vdyhuv zlwk d yhu| vpdoo dprxqw r ri vdih frqvxpswlrq dqg d yhu| vpdoo dprxqw
o ri ulvn| frqvxpswlrq lq wkhlu rog djh/ wkhq doprvw dq| fkrlfh ri r dqg o +suhflvho|/ doo h{fhsw iru d
6 6 Wkdw

phdvxuh }hur vhw ri fkrlfhv, zloo jlyh d uhjxodu hfrqrp|1
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Wkh whup +gn3 . gn, lv wkh fkdqjh lq djjuhjdwh lqyhvwphqw1 Wkh frh!flhqw pxowl0
so|lqj +gn3 . gn, lv qhjdwlyh/ vlqfh wkh vhfrqg ghulydwlyh ri xwlolw| lv qhjdwlyh1 Wr wkh
h{whqw wkdw wkh vhfrqg dqg wklug whupv fdq eh ljqruhg/ +7<, lqglfdwhv wkdw wrwdo odqg
ydoxh dqg djjuhjdwh lqyhvwphqw pryh lq wkh rssrvlwh gluhfwlrq1 Dq lqfuhdvh lq djjuhjdwh
lqyhvwphqw whqgv wr eh dvvrfldwhg zlwk d ghfuhdvh wkh ydoxh ri wrwdo odqg/ dqg d ghfuhdvh
lq djjuhjdwh lqyhvwphqw whqgv wr eh dvvrfldwhg zlwk dq lqfuhdvh wkh wrwdo ydoxh ri odqg1
Iurp Sursrvlwlrq 8d/ zh nqrz wkdw li vdyhuv* ghpdqgv duh qrupdo/ wkhq vrfldo vhfxulw|
glyhuvlfdwlrq lqfuhdvhv ulvn| lqyhvwphqw dqg ghfuhdvhv vdih lqyhvwphqw1 Wkxv li ulvn| lq0
yhvwphqw uhvsrqgv pruh wr vrfldo vhfxulw| glyhuvlfdwlrq wkhq vdih lqyhvwphqw/ wrwdo odqg
ydoxh whqgv wr jr grzq1 Wkh frqyhuvh dovr krogv li vdih lqyhvwphqw lv pruh uhvsrqvlyh1
Wklv lv frqvlvwhqw zlwk Sursrvlwlrqv 5e- dqg 6e-/ exw dssolhv dovr zkhq wkhuh lv qrqolqhdu
vkruw0whup surgxfwlrq1
Wkh vhfrqg whup lq wkh h{suhvvlrq iru gS lq Sursrvlwlrq 8e lv srvlwlyh li E  dJ @
^+4  d,J  I3 ` ? 3 dqg ghpdqgv duh qrupdo/ vlqfh lw lv wkhq plqxv wkh surgxfw ri wkuhh
qhjdwlyh whupv1 Zkhq ghpdqgv duh qrupdo dqg E  dJ ? 3/ vrfldo vhfxulw| glyhuvlfdwlrq
uhgxfhv wkh vxsso| ri vdih frqvxpswlrq iru rog vdyhuv/ dqg wklv whqgv wr lqfuhdvh wkhlu
pdujlqdo xwlolw| ri odqg1 Li E @ dJ/ wkh vhfrqg whup lq +7<, lv }hur1
Wkh vljq ri wkh wklug whup lq +7<, ghshqgv rq zkhwkhu rog vdyhuv* frqvxpswlrq F5
lv ulvnlhu ru vdihu wkdq wkh sd|r  wr odqg/ dqg rq zkhwkhu uhodwlyh ulvn dyhuvlrq dqg
devroxwh ulvn dyhuvlrq duh lqfuhdvlqj ru ghfuhdvlqj1 Glylglqj dqg pxowlso|lqj e| X53 ^F5 `/
zh fdq zulwh
H^X533 ^F5 `^4  U`` @ H^+X533 ^F5 `@X53 ^F5 `,^U  4`X53 ^F5 ``=
Qrwlfh uvw wkdw

H^^U  4`X53 ^F5 `` @ sN  sM @ 3=

+83,
+84,

Wkxv wkh udqgrp yduldeoh ^U  4` kdv d }hur h{shfwdwlrq zlwk uhvshfw wr wkh phdvxuh
p+v, @ X53 ^F5 +v,`1 Uhfdoo wkdw d udqgrp yduldeoh dozd|v kdv srvlwlyh fryduldqfh zlwk
dq| +srvlwlyh, prqrwrqlf wudqvirupdwlrq ri lwvhoi/ zlwk uhvshfw wr dq| phdvxuh1 Qrwlfh
dovr wkdw F5 lv d srvlwlyh prqrwrqlf wudqvirupdwlrq ri U/ vlqfh frqvxpswlrq lv d srvlwlyh
frpelqdwlrq ri ulvnohvv dqg ulvn| sd|rv/ dqg vr uhodwlyh ulvn dyhuvlrq +X533 ^F5 `@X53 ^F5 `,F5
lv dovr d srvlwlyh prqrwrqlf wudqvirupdwlrq ri ^U4`/ li lw lv lqfuhdvlqj lq F5 1 Rq wkh rwkhu
kdqg/ devroxwh ulvn dyhuvlrq +X533 ^F5 `@X53 ^F5 `, lv d qhjdwlyh prqrwrqlf wudqvirupdwlrq ri
^U  4`/ li lw lv ghfuhdvlqj lq F5 1
Li F5 @ / wkhq +X533 ^F5 `@X53 ^F5 `, lv wkh uhodwlyh ulvn dyhuvlrq +UUD, ri wkh vdyhuv
lq rog djh1 Li lq dgglwlrq vdyhuv* rog djh UUD lv frqvwdqw/ wkhq wkh wklug h{suhvvlrq lq
+7<, lv }hur1 Zh lpphgldwho| ghgxfh=
Fruroodu| 8e14 Vxssrvh zh kdyh d uhjxodu hfrqrp| zlwk frqfdyh vkruw0whup surgxf0
wlrq dqg odqg/ dqg vxssrvh wkdw vdyhuv glvsod| frqvwdqw uhodwlyh ulvn dyhuvlrq lq rog djh1
Vxssrvh wkdw ruljlqdoo|  @ 3/ E @ dJ/ dqg wkh ohyhov ri vkruw0whup surgxfwlrq duh vxfk
wkdw  @ dF5 / zlwk d A 31 Wkhq wkh fkdqjh lq ydoxh ri doo odqg gS diwhu vrfldo vhfxulw|
glyhuvlfdwlrq lv rssrvlwh lq vljq wr wkh fkdqjh lq djjuhjdwh lqyhvwphqw gn3 . gn1
Li  @ dF5 / dqg UUD lv lqfuhdvlqj/ wkhq wkh h{suhvvlrq +83, uhsuhvhqwv wkh fryduldqfh
ri UUD dqg ^U  4`/ dqg lv srvlwlyh1 Li ixuwkhupruh/ g A gn/ wkhq wkh wklug whup lq wkh
h{suhvvlrq +7<, iru wkh vljq ri gS pxvw eh srvlwlyh1 Wkxv lq fdvh dF5 @ / dqg g A gn/
vrfldo vhfxulw| glyhuvlfdwlrq lqwr htxlw| whqgv wr lqfuhdvh wrwdo odqg ydoxh li vdyhuv glvsod|
lqfuhdvlqj uhodwlyh ulvn dyhuvlrq lq rog djh/ dqg whqgv wr orzhu odqg ydoxhv li vdyhuv glvsod|
ghfuhdvlqj uhodwlyh ulvn dyhuvlrq lq rog djh1
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Pruh jhqhudoo|/ vlqfh  dqg F5 duh erwk srvlwlyh frpelqdwlrqv ri vdih dqg ulvn| frq0
vxpswlrq/ zh fdq dozd|v zulwh  @ dF5  e/ zkhuh d A 3 dqg e duh frqvwdqwv/ dqg e A 3
li dqg rqo| li F5 lv uhodwlyho| vdihu wkdq 1 Zh fdq wkxv zulwh
H^+X533 ^F5 `@X53 ^F5 `,^U  4`X53 ^F5 `` @ H^+X533 ^F5 `@X53 ^F5 `,dF5 ^U  4`X53 ^F5 `` +85,
 H^+X533 ^F5 `@X53 ^F5 `,e^U  4`X53 ^F5 ``
Wkh uvw whup lq wkh UKV ri +85, lv srvlwlyh li rog vdyhuv* UUD lv lqfuhdvlqj/ dqg
qhjdwlyh li UUD lv ghfuhdvlqj/ dv zh mxvw vdz1 Li F5 lv uhodwlyho| vdihu wkdq / vr wkdw
e A 3/ wkh vhfrqg whup lq +85, lv srvlwlyh li rog vdyhuv devroxwh ulvn dyhuvlrq +DUD,/ lv
ghfuhdvlqj/ dqg lv qhjdwlyh li DUD lv lqfuhdvlqj1 Lq fdvh F5 lv uhodwlyho| ulvnlhu wkdq /
wkh vlwxdwlrq lv uhyhuvhg1
Wkh sursruwlrq ri vdih frqvxpswlrq lq F5 lv kljkhu wkdq lq  li dqg rqo| li/
i^+4  d,J  I3 `@sM . dJ . i +n3 ,j@j+n, A +O3 . S ,@O

+86,

Sxwwlqj wkhvh dujxphqwv wrjhwkhu/ wkh iroorzlqj fruroodulhv fdq eh uljrurxvo| ghulyhg iurp
Sursrvlwlrq 8e/ dv wkh| duh lq wkh Dsshqgl{1 Fruroodu| 8e15 jlyhv vx!flhqw frqglwlrqv iru
wkh sulfh ri odqg wr ulvh diwhu glyhuvlfdwlrq1
Fruroodu| 8e15 Vxssrvh wkdw X5 glvsod|v ghfuhdvlqj devroxwh ulvn dyhuvlrq dqg lqfuhdv0
lqj uhodwlyh ulvn dyhuvlrq1 Vxssrvh wkdw wkh vdyhuv* vkduh ri wd{hv lv juhdwhu wkdq wkhlu
ruljlqdo vkduh ri jryhuqphqw erqgv/ E  dJ  3/ dqg vxssrvh wkdw lq wkh ruljlqdo htxlole0
ulxp/  @ 31 Vxssrvh wkdw lq wkh ruljlqdo htxloleulxp/ wkh sursruwlrq ri vdih frqvxpswlrq
lq F5 lv kljkhu wkdq lq 1 Li vrfldo vhfxulw| glyhuvlfdwlrq lqwr htxlwlhv fdxvhv vdih lq0
yhvwphqw wr fkdqjh qr ohvv wkdq ulvn| lqyhvwphqw/ wkhq lw udlvhv wkh sulfh ri ulvn| odqg/
orzhuv wkh sulfh ri vdih odqg/ dqg udlvhv wkh wrwdo ydoxh ri odqg/ li O A 31 +Htxlydohqwo|/ li
vrfldo vhfxulw| glyhuvlfdwlrq orzhuv wkh wrwdo ydoxh ri odqg/ wkhq lw pxvw lqfuhdvh djjuhjdwh
lqyhvwphqw1, Hyhq li wkh sursruwlrq ri vdih frqvxpswlrq lq F5 lv orzhu wkdq lq / exw
wkhuh lv frqvwdqw devroxwh ulvn dyhuvlrq/ wkh suhylrxv frqfoxvlrqv vwloo krog1
Li wkhuh lv qr vkruw0whup ulvn| surgxfwlrq/ wkhq +86, krogv dxwrpdwlfdoo| dv orqj dv
^+4  d,J  I3 `@sM . dJ A 31 Wkxv Sursrvlwlrq 7e- iroorzv lpphgldwho| iurp Fruroodu|
8e15/ dv grhv Fruroodu| 71e-141 Wkh fdvh zkhuh wkhuh lv qr vkruw0whup surgxfwlrq/ dqg X5
lv txdgudwlf dqg E @ dJ/ frqvlghuhg lq irrwqrwh 64/ iroorzv lpphgldwho| iurp wkh irupxod
+7<,1
Zh fdq dovr ghulyh frqglwlrqv xqghu zklfk wrwdo odqg ydoxhv idoo1
Fruroodu| 8e16 Vxssrvh wkdw X5 glvsod|v ghfuhdvlqj devroxwh ulvn dyhuvlrq/ dqg frq0
vwdqw ru ghfuhdvlqj uhodwlyh ulvn dyhuvlrq1 Vxssrvh wkdw wkh vdyhuv* vkduh ri wd{hv lv htxdo
wr wkhlu ruljlqdo vkduh ri jryhuqphqw erqgv/ E  dJ @ 3/ dqg vxssrvh wkdw lq wkh ruljlqdo
htxloleulxp/  @ 31 Vxssrvh wkdw lq wkh ruljlqdo htxloleulxp/ wkh sursruwlrq ri ulvn| frq0
vxpswlrq lq F5 lv kljkhu wkdq lq 1 Li vrfldo vhfxulw| glyhuvlfdwlrq lqwr htxlwlhv fdxvhv
ulvn| lqyhvwphqw wr fkdqjh pruh wkdq vdih lqyhvwphqw/ wkhq lw orzhuv wkh wrwdo ydoxh ri
odqg1 +Htxlydohqwo|/ li vrfldo vhfxulw| glyhuvlfdwlrq udlvhv wkh wrwdo ydoxh ri odqg/ wkhq lw
pxvw ghfuhdvh djjuhjdwh lqyhvwphqw1,
Wkh iroorzlqj sursrvlwlrq dovr iroorzv lpphgldwho| iurp Sursrvlwlrq 8e/ dqg wkh dqdo|0
vlv ri xwlolw| ghulyhg lq wkh surri ri 8e lq wkh Dsshqgl{1
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Sursrvlwlrq 8f Vxssrvh zh kdyh d uhjxodu hfrqrp| zlwk frqfdyh vkruw0whup surgxfwlrq
whfkqrorj| dqg odqg1 Vxssrvh wkdw vdyhuv* ghpdqg lv qrupdo lq doo wkuhh jrrgv/ dqg wkdw
wkh vdyhuv* vkduh ri wd{hv lv juhdwhu wkdq ru htxdo wr wkhlu vkduh ri erqgv/ dqg vxssrvh wkdw
lq wkh ruljlqdo htxloleulxp/  @ 31 Wkhq wuxvw ixqg glyhuvlfdwlrq udlvhv wkh xwlolw| ri doo
|rxqj dqg ixwxuh zrunhuv1 Li lw dovr udlvhv wkh sulfh ri odqg/ wkhq lw khosv rog vdyhuv dqg
kxuwv doo |rxqj dqg ixwxuh vdyhuv1 Li rq wkh rwkhu kdqg/ lw orzhuv wkh wrwdo ydoxh ri odqg/
wkhq lw kxuwv doo rog vdyhuv dqg pd| khos ru kxuw |rxqj dqg ixwxuh vdyhuv1 Lq dq| fdvh/ lw
lqfuhdvhv d vrfldo zhoiduh ixqfwlrq zlwk qhxwudo zhljkwv1

45

Ghqhg Ehqhwv

Zh kdyh uhvwulfwhg dwwhqwlrq vr idu wr d ghqhg frqwulexwlrq vrfldo vhfxulw| v|vwhp iru
dqdo|wlfdo frqyhqlhqfh/ dqg wr pdnh wkh srlqw wkdw hyhq wkhuh/ vrfldo vhfxulw| glyhuvl0
fdwlrq lq prghudwlrq eulqjv srwhqwldo zhoiduh jdlqv1 Zh vkrz qrz wkdw dw ohdvw iru rxu
fhqwudo ulvn| olqhdu fdvh/ zh fdq lqfrusrudwh d ghqhg ehqhw vwuxfwxuh zlwkrxw fkdqjlqj
wkh frpsdudwlyh vwdwlfv frqfoxvlrqv zh douhdg| uhdfkhg1
Lq rxu ghqhg frqwulexwlrq vrfldo vhfxulw| v|vwhp/ zh vxssrvhg wkdw wkh wuxvw ixqg
pdlqwdlqhg d frqvwdqw ydoxh I lqyhvwhg lq jryhuqphqw erqgv/ dqg d frqvwdqw ydoxh 
lqyhvwhg lq ulvn| vhfxulwlhv/ glvwulexwlqj dq| vxusoxv dv ehqhwv +ru wd{hv/ li wkh vxusoxv
wxuqhg qhjdwlyh, wr wkh frqwhpsrudqhrxv rog1 Vxssrvh lqvwhdg wkdw wkh ixqg dfwhg rqo| wr
pdlqwdlq I / glvwulexwlqj d sduw ri wkh vxusoxv ryhu I dv ehqhwv wr wkh frqwhpsrudqhrxv
rog/ dqg lqyhvwlqj wkh uhvw lq ulvn| htxlwlhv1 Ryhu wlph wkh ehqhwv dqg wkh vl}h ri wkh
wuxvw ixqg lqyhvwphqw lq ulvn| htxlwlhv zrxog fkdqjh1
Ohdylqj wd{ udwhv {hg/ wkh ohyho ri ehqhwv zrxog suhvxpdeo| dgdsw wr wkh ohyho ri wkh
wuxvw ixqg/ wkhuhe| ulvlqj zlwk wkh uhwxuq rq wkh sruwirolr/ dv grhv d ghqhg frqwulexwlrq
v|vwhp/ exw qrw ulvlqj groodu0iru0groodu/ dv wkh uhwxuqv jrw vsuhdg ryhu ixwxuh frkruwv1 Lq
wklv zd| wkh ehqhwv ri d frkruw zrxog ghshqg rq wkh uhdol}hg uhwxuqv ryhu d orqjhu shulrg
ri wlph +wkdq mxvw rqh shulrg,1 Zlwk d vhqvleoh ehqhw uxoh/ dqg zlwk d sodxvleoh vwrfkdvwlf
surfhvv iru wkh uhwxuq rq fdslwdo/ wklv zrxog udlvh h{shfwhg xwlolw| iru ixwxuh jhqhudwlrqv/
phdvxuhg dv ri wkh wlph ri lpsohphqwdwlrq ri wkh srolf|/ vlqfh d glyhuvlhg vrfldo vhfxulw|
v|vwhp frxog vsuhdg wkh ulvn ri xqfhuwdlq uhwxuqv ryhu pdq| jhqhudwlrqv1 Wkxv wkh jdlq
iurp d glyhuvlhg sruwirolr ehfrphv odujhu zlwk d jrrg srolf| iru ghwhuplqlqj ehqhwv1
Lq dq| ghqhg ehqhwv v|vwhp zlwk ulvn| lqyhvwphqwv/ ehqhwv +dqg ru wd{hv, pxvw
eh fkdqjhg/ ghshqglqj rq wkh uhwxuqv ri wkh ulvn| lqyhvwphqwv1 Wkh srlqw lv wr vprrwk
ehqhwv/ zkloh uhfrjql}lqj wkh qhhg wr vdwlvi| d qrqqhjdwlylw| frqvwudlqw vkrxog wkhuh eh
d surorqjhg shulrg ri orz uhwxuqv1 Lq wkh suhvhqfh ri udqgrp uhwxuqv rq d qrqwulyldo
sruwlrq ri wkh wuxvw ixqg/ lw lv qhfhvvdu| wr uhfrjql}h wkh suredelolw| wkdw wkh sruwlrq ri
wkh wuxvw ixqg lqyhvwhg lq ulvn| dvvhwv zrxog ehfrph qhjdwlyh li erwk ehqhwv dqg wd{hv
zhuh xqfkdqjhg1 Wkxv/ hyhu| ghqhg ehqhw v|vwhp pxvw eh fkdqjhg iurp wlph wr
wlph1 Wkh srolflhv wkdw ghwhuplqh vxfk fkdqjh qhhg wr eh prghohg lq rughu wr frqvlghu
wkh ydoxh ri vprrwklqj wkdw frphv iurp ghqhg ehqhwv1 Lq wkh frqwh{w ri d prgho zlwk
udqgrpqhvv lq rwkhu dvshfwv ri wkh hfrqrplf dqg ghprjudsklf hqylurqphqw ri wkh vrfldo
vhfxulw| v|vwhp/ wkh fkdqjh lq xqfhuwdlqw| iurp d glyhuvlhg sruwirolr zrxog qrw eh vxfk
d vdolhqw fkdqjh lq wkh v|vwhp167
Lq wkh ulvn| olqhdu fdvh wkh yduldwlrqv ghvfulehg deryh lq wkh wuxvw ixqg kroglqj ri ulvn|
vhfxulwlhv dqg lq vrfldo vhfxulw| ehqhwv kdyh qr hhfw rq dq| htxloleulxp sulfh1 Wkh h{wud
prqh| lqyhvwhg lq ulvn| vhfxulwlhv lv devruehg e| dq lqfuhdvh lq ulvn| surgxfwlrq/ zlwk qr
hhfw rq sN 1 Wkh hqylurqphqw ri vdyhuv lv wkxv h{dfwo| wkh vdph dv lw zdv lq Vhfwlrq ;1
6 7 Li d ghqhg frqwulexwlrq v|vwhp lv wr ixooo lwv vrfldo sxusrvh/ lw zloo dovr qhhg shulrglf fkdqjh lq
uhvsrqvh wr hfrqrplf dqg ghprjudsklf ghyhorsphqwv1
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Wkh vdph frpsdudwlyh vwdwlfv frqfoxvlrqv zh uhdfkhg lq wkh ghqhg frqwulexwlrq v|vwhp
ri Vhfwlrq ; wkhuhiruh dsso| zlwkrxw fkdqjh wr wkh ghqhg ehqhwv v|vwhp ghvfulehg khuh/
qr pdwwhu zkdw wkh suhflvh ehqhw uxoh1

46

Frqfoxglqj Uhpdunv

Zh kdyh frqvlghuhg wkh lpsolfdwlrqv ri fkdqjlqj wuxvw ixqg sruwirolr srolf| dzd| iurp
433( jryhuqphqw ghew lq d jhqhudo htxloleulxp prgho zlwk irxu nlqgv ri krxvhkrogv
+rog dqg |rxqj zrunhuv/ zkr gr qr vdylqj/ dqg rog dqg |rxqj vdyhuv, dqg irxu nlqgv ri
surgxfwlrq +vdih dqg ulvn|/ vkruw0whup dqg orqj0whup,1 Zh irxqg wkdw d vpdoo dprxqw
ri glyhuvlfdwlrq udlvhv wrwdo zhoiduh +vxlwdeo| ghqhg,/ wkrxjk lw fdxvhv rwkhu zhoiduh
uhglvwulexwlrqv dprqj wkh irxu krxvhkrog w|shv1 Vrfldo vhfxulw| glyhuvlfdwlrq fkdqjhv
uhodwlyh sulfhv/ dqg wkh frpsrvlwlrq dqg dprxqw ri uhdo lqyhvwphqw1 Ghshqglqj rq wkh
vwuxfwxuh ri pdujlqdo wd{hv/ vrfldo vhfxulw| glyhuvlfdwlrq udlvhv wkh lqwhuhvw udwh/ wkhuhe|
lqfuhdvlqj wkh sd|rv ri wkh vrfldo vhfxulw| wuxvw ixqg dqg khoslqj zrunhuv/ exw iruflqj
dq lqfuhdvh lq lqfrph wd{hv wkdw kxuwv vdyhuv1 Wkhuh lv doprvw dozd|v d zhdowk wudqvihu
ehwzhhq |rxqj vdyhuv dqg rog vdyhuv/ lq rqh gluhfwlrq ru wkh rwkhu1 Li glyhuvlfdwlrq udlvhv
wkh ydoxh ri odqg/ wkhq rog vdyhuv jdlq/ exw |rxqj vdyhuv orvh rq wklv dffrxqw/ dqg ylfh
yhuvd1 Glyhuvlfdwlrq uhgxfhv uhdo vdih lqyhvwphqw/ exw lqfuhdvhv ulvn| lqyhvwphqw dqg wkh
sulfh ri vkruw0whup ulvn| frqvxpswlrq1 Wkh hhfw rq djjuhjdwh uhdo lqyhvwphqw dqg orqj0
whup dvvhw sulfhv lv dpeljxrxv/ exw kljkhu djjuhjdwh lqyhvwphqw whqgv wr orzhu wkh sulfh
ri orqj0whup lqyhvwphqwv1 Wkh frpprq vhqvh frqfoxvlrq wkdw wuxvw ixqg glyhuvlfdwlrq
zrxog +li lw glg dq|wklqj dw doo, lqfuhdvh uhdo lqyhvwphqw dqg lqfuhdvh vwrfn pdunhw ydoxh
lv wkxv vhhq wr eh txhvwlrqdeoh/ dv lv vkrzq lq wkh ulvn| olqhdu fdvh dqg wkh vdih olqhdu
fdvh1 Lq erwk fdvhv rqh ru wkh rwkhu ri wkh frpprq vhqvh suhglfwlrqv lv uhyhuvhg1
Wkh prgho kdv dvvxphg wkdw wkh whfkqrorj| lv llg1 Wklv ohdyhv rxw wkh hhfw ri qhzv
derxw ixwxuh whfkqrorjlhv rq fxuuhqw dvvhw sulfhv1 Wklv zrxog eh dq lqwhuhvwlqj h{whqvlrq
ri wkh dqdo|vlv1 Suhvxpdeo| wklv zrxog pdnh dvvhw uhwxuqv ulvnlhu dqg dgg wr wkh vrfldo
ydoxh ri vkdulqj ulvnv pruh zlgho| lq wkh hfrqrp| dqg vr vwuhqjwkhq wkh fdvh iru wuxvw
ixqg lqyhvwphqw lq htxlwlhv1
Wkh sdshu kdv dovr dvvxphg wkdw oderu lv d vhsdudeoh lqsxw iurp fdslwdo/ dqg iurp
odqg1 Kdg zh doorzhg dq lqwhudfwlrq +vd| lq d frqvwdqw uhwxuqv wr vfdoh surgxfwlrq ixqfwlrq
ghshqglqj qrqolqhduo| rq hyhu| lqsxw,/ fkdqjhv lq lqyhvwphqw zrxog kdyh kdg d ihhgedfn
hhfw rq zdjhv1 Wklv zrxog kdyh fuhdwhg dqrwkhu lqwhuhvwlqj uhglvwulexwlrq ehwzhhq vdyhuv
dqg |rxqj zrunhuv1 Lw dovr zrxog kdyh kdg hhfwv rq odqg sulfhv1 Ghshqglqj rq krz zh
prghohg oderu lqsxwv/ zh pljkw kdyh ehhq irufhg wr frqvlghu vwrfkdvwlf zdjhv/ zklfk
zrxog kdyh reoljhg xv wr pryh wr d Pdunry htxloleulxp/ lqvwhdg ri wkh vwhdg| vwdwh zh
frqvlghuhg khuh1
Wkhuh duh irxu srlqwv wr pdnh uhodwlyh wr wkh fxuuhqw srolf| ghedwh168 Iluvw/ frqwudu|
wr vrph dvvhuwlrqv/ wkh khwhurjhqhlw| ri wkh srsxodwlrq lpsolhv wkdw wuxvw ixqg sruwirolr
fkrlfh grhv kdyh uhdo hhfwv rq wkh hfrqrp|1 Vhfrqg/ zkloh lw lv dssursuldwh wr eh frq0
fhuqhg derxw wkh ulvn dvvrfldwhg zlwk d fkdqjh lq sruwirolr srolf|/ lw vhhpv wr xv xqolnho|
wkdw zrunhuv duh vr ulvn dyhuvh wkdw d sruwirolr frpsohwho| lqyhvwhg lq Wuhdvxu| erqgv lv
rswlpdo1 Wklv srlqw lv uhlqirufhg e| wkh delolw| ri wkh jryhuqphqw wr vsuhdg ulvn ryhu
vxffhvvlyh frkruwv vlqfh Vrfldo Vhfxulw| lv d ghqhg ehqhw v|vwhp1 Wkdw lv/ li d ghqhg
ehqhw v|vwhp lv zhoo0uxq/ wkhuh lv d vwurqjhu fdvh iru wuxvw ixqg lqyhvwphqw lq sulydwh
vhfxulwlhv wkdq lq wkh prghov dqdo|}hg khuh zklfk dvvxphg d ghqhg frqwulexwlrq v|vwhp1
Wklug/ wkh pdujlqdo vrfldo ehqhw wr glyhuvlfdwlrq ghfolqhv dv wkh ohyho ri glyhuvlfd0
6 8 Iru pruh glvfxvvlrq ri Wuxvw Ixqg lqyhvwphqw/ vhh Pxqqhoo dqg Edogx}}l +4<<;, dqg Sdqho rq Sulyd0
wl}dwlrq ri Vrfldo Vhfxulw| +4<<;,1
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wlrq lqfuhdvhv +dqg dv zrunhuv duh h{srvhg wr pruh ulvn,/ zklfk sxwv d olplw rq wkh wrwdo
dprxqw ri vrfldoo| ghvludeoh glyhuvlfdwlrq1 Glyhuvlfdwlrq lqfuhdvhv wkh ydoxh ri vrfldo
vhfxulw|/ exw wkhuh lv qrwklqj lq rxu dqdo|vlv wkdw vxjjhvwv d uhdvrqdeoh ohyho ri glyhuvl0
fdwlrq dorqh lv vx!flhqw wr uhvwruh dfwxduldo edodqfh wr Vrfldo Vhfxulw|1 Odvwo|/ wkh prghov
frqvlghuhg khuh kdyh vxevwlwxwhg htxlw| lqyhvwphqw iru erqg lqyhvwphqw/ kroglqj frqvwdqw
wkh ohyho ri ixqglqj ri Vrfldo Vhfxulw|1 Pdq| sursrvdov iru lqyhvwphqw lq vwrfnv/ zkhwkhu
wkurxjk wkh wuxvw ixqgv ru wkurxjk lqglylgxdo dffrxqwv/ xvh vwrfn lqyhvwphqwv dv d uhdvrq
wr lqfuhdvh ru ghfuhdvh wkh qdqflqj ri Vrfldo Vhfxulw| +dw ohdvw lq wkh vkruw uxq, uhodwlyh
wr zkdw pljkw eh sursrvhg zlwkrxw vxfk lqyhvwphqw1 Vxfk d fkdqjh lqyroyhv lqwhujhq0
hudwlrqdo uhglvwulexwlrq wkdw lv qrw lqfrusrudwhg lq wkh dqdo|vlv lq wklv sdshu/ wkrxjk lw
frxog eh dffrpprgdwhg e| rxu prgho169 Rxu dqdo|vlv grhv dsso|/ krzhyhu/ wr sursrvdov
wkdw zrxog vxevwlwxwh d sruwirolr fkdqjh iru fxwv lq ixwxuh ehqhwv1

6 9 Vhh

Vphwwhuv +4<<:,1
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Wr pdlqwdlq frqvwdqw xwlolw|/ wkh frpshqvdwhg fkdqjh
sM gM f +sM > sN > X, . sN gN f +sM > sN > X ,  3=

+97,

Vlqfh e| +94,/ gF  ? 3/ dqg e| +96,/ gF f +sM > sN > X ,  3/ lw iroorzv/ vlqfh F  lv qrupdo/
wkdw zhoiduh ri wkh vdyhuv pxvw kdyh jrqh grzq1 Vlqfh M  dqg N  duh dovr qrupdo/ lw

iroorzv iurp +97, wkdw

+98,
sM gM  . sN gN  ? 3=


Exw +95, dqg +98, frqwudglfw hdfk rwkhu/ vlqfh gM @ gM dqg gN @ gN 1
Ehiruh surfhhglqj wr fdvh 5/ zh uhpdun wkdw zh frxog kdyh ghgxfhg +97, gluhfwo| iurp
wkh idfw wkdw vdyhuv* xwlolw| lv dgglwlyho| vhsdudeoh ehwzhhq frqvxpswlrq zkhq |rxqj dqg
zkhq rog1 Vlploduo| +98, krogv iru wkh vdph uhdvrq1 Wkxv fdvh 4 grhv qrw uhdoo| qhhg wkh
k|srwkhvlv ri qrupdolw|1 Zh vkdoo qhhg wklv idfw zkhq zh suryh Fruroodu| 8e161

Fdvh 5 Vxssrvh gsM  3/ gn3  3/ gsN  3/ gn  31 Zh jhw wkh vdph frqwudglfwlrq dv
lq fdvh 4/ zlwk doo wkh vljqv uhyhuvhg1
Fdvh 6 Vxssrvh gsM  3/ gn3  3/ gsN  3/ gn  31 Vlqfh M  dqg N  duh Klfnvldq
vxevwlwxwhv +vhh Dxud/ Gldprqg/ dqg Jhdqdnrsorv/ +4<<<,, zh pxvw kdyh
gN   +NL ,gL>
gM   +ML ,gL>

+99,

zkhuh gL lv wkh fkdqjh lq zhdowk zklfk zrxog fdxvh wkh vdph fkdqjh lq zhoiduh +dw
frqvwdqw sulfhv, dv fdxvhg e| wkh sulfh fkdqjhv1 Iurp +8:, zh ghgxfh +dvvxplqj wkdw
E  dJ  3, wkdw
+9:,
gM  @ gM  gS>
dqg iurp +8;,/ zh nqrz wkdw
gN  @ gN @ j 3 +n,gn . ^@s5N `gsN  ^4@sN `g ? ^@s5N `gsN  3=

Wkhq vlqfh N 

+9;,

lv d
Vxssrvh zhoiduh iru wkh vdyhuv zhqw xs/ ru vwd|hg wkh vdph/ gL  31
qrupdo jrrg/ zh nqrz iurp +99, wkdw gN   3/ d frqwudglfwlrq wr +9;,1 Dowhuqdwlyho|/
vxssrvh wkdw zhoiduh iru wkh vdyhuv zhqw grzq/ gL ? 3/ dqg wkh wrwdo ydoxh ri odqg zhqw
xs ru vwd|hg wkh vdph/ gS  31 Wkhq iurp +99, gM  ? 31 Exw iurp +9:, zh kdyh wkdw
gM  @ gM  3/ frqwudglfwlrq1 Wkh rqo| uhpdlqlqj srvvlelolw| lv wkdw gL ? 3 dqg gS ? 31
Exw iurp gS ? 3 dqg wkh zhoiduh hhfw ghvfulehg lq +93, zh ghgxfh wkdw
gL @ gY @X43 A N i gsN =

+9<,

gN   +NL ,gL A gL@sN A N i gsN @sN @ +@+sN ,5 ,gsN =

+:3,

Iurp wkh idfw wkdw doo jrrgv duh qrupdo/ vr wkdw 3 ? +NL , ? 4@sN / dqg gsN  3/ dqg
gL ? 3/ lw wkhq iroorzv iurp +99, dqg +9<, wkdw
Exw qrz +9;, dqg +:3, duh frqwudglfwru|1
Xvlqj surw pd{lpl}dwlrq iru wkh uvw wlph/ zh fdqqrw jhw dq| ri wkh pl{hg fdvhv/
vxfk dv zkhuh gsN A 3 dqg gn ? 3/ vr wkh wkhruhp iroorzv diwhu holplqdwlqj wkh deryh
wkuhh fdvhv1

Qrz ohw xv wxuq wr wkh surri ri Sursrvlwlrq 8e1
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Surri ri sursrvlwlrq 8e Uhfdoo wkdw zh ghqrwh wkh sd|r iurp kroglqj doo wkh odqg
e|  @ O3 . OU . S 1 Lw iroorzv wkdw g @ gS 1 Ixuwkhupruh/ wkh pdujlqdo xwlolw| ri odqg
pxvw htxdo lwv sulfh/ vr
+:4,
S X43 ^F4 ` @ H^X53 ^F5 ``=
Glhuhqwldwlqj +:4,/ dqg wkhq xvlqj g @ gS / zh pxvw kdyh

gS X43 ^F4 ` . S X433 ^F4 `gF4 @ H^X533 ^F5 `gF5 ` . H^X53 ^F5 `g`
@ H^X533 ^F5 `gF5 ` . H^X53 ^F5 `gS `=

+:5,

Zh jhw iurp htxdwlrq +89, ghulyhg lq wkh surri ri Sursrvlwlrq 8d wkdw
gF4 @ gS  gn3  gn=

+:6,

gS ^4  S X433 ^F4 `` @ S X433 ^F4 `+gn3 . gn, . H^X533 ^F5 `gF5 ` . sM gS>

+:7,

gS ^4  sM  S X433 ^F4 `` @ S X433 ^F4 `+gn3 . gn, . H^X533 ^F5 `gF5 `=

+:8,

Dvvxplqj ZORJ wkdw X43 +F4 , @ 4/ zh jhw iurp +:5, dqg +:6, dqg wkh pdujlqdo xwlolw|
frqglwlrq iru ulvnohvv frqvxpswlrq sM @ H^X53 ^F5 `4` wkdw
vr

Iurp wkh htxloleulxp frqglwlrqv +87, dqg +88,/ dovr ghulyhg lq wkh surri ri Sursrvlwlrq
8d/ zh nqrz wkdw
+:9,
F5 @ M . NU @ ^+4  d,J  I3 . `@sM . O3 . S . dJ . i +n3 , . ^O  @sN `U . j+n,U
@ ^+4  d,J  I3 . `@sM  ^@sN `U . dJ .  . i +n3 , . j+n,U=
Glhuhqwldwlqj wklv h{suhvvlrq/ dvvxplqj wkdw  @ N i @ 3/ dqg uhfdoolqj wkdw g @ gS /
jlyhv
gF5 @ i^+4d,JI3 `@s5M jgsM .^4@sM `g^U@sN `g.gS .i 3 +n3 ,gn3 .j3 +n,Ugn= +::,

Djdlq zlwkrxw orvv ri jhqhudolw| zh fdq uhvfdoh U vr wkdw sM @ sN / jlylqj xv

gF5 @ i^+4  d,J  I3 `@s5M jgsM . +4@sM ,^4  U`g . gS . i 3 +n3 ,gn3 . j3 +n,Ugn= +:;,

Lw iroorzv iurp soxjjlqj wkh h{suhvvlrq iru gF5 iurp +::, lqwr +:8, wkdw

gS ^4  sM  S X433 ^F4 `` @ S X433 ^F4 `+gn3 . gn, . H^X533 ^F5 `ii^+4  d,J  I3 `@s5M jgs+:<,
M
3
3
. +4@sM ,^4  U`g . gS . i +n3 ,gn3 . j +n,Ugnj`=

Prylqj gS iurp wkh UKV wr wkh OKV ri +:<, jlyhv

gS ^+4  sM ,  S X433 ^F4 ``  H^X533 ^F5 ``
@ S X433 ^F4 `+gn3 . gn, . H^X533 ^F5 `ii^+4  d,J  I3 `@s5M jgsM
. +4@sM ,^4  U`g . i 3 +n3 ,gn3 . j 3 +n,Ugnj`=

+;3,

Iurp +7;1h6--, dqg +7;1h7--,/ i 3 +n3 , @ 4@sM @ 4@sN @ j 3 +n, +ru hovh hlwkhu gn ru gn3 @
3,1 Xvlqj wkh lghqwlw| gnU @ gn+4  U, . gn/ zh jhw iurp +;3, wkdw
+;4,
gS ^+4  sM ,  S X433 ^F4 ``  H^X533 ^F5 ``
33
33
@ iS X4 ^F4 ` . +4@sM ,H^X5 ^F5 ``j+gn3 . gn,
. H^X533 ^F5 `ii^+4  d,J  I3 `@s5M jgsM . +4@sM ,^4  U`+g  gn,j`
@ iS X433 ^F4 ` . +4@sM ,H^X533 ^F5 ``j+gn3 . gn,  i^+4  d,J  I3 `@s5M jH^X533 ^F5 ``gsM
. +4@sM ,H^X533 ^F5 `^4  U``+g  gn,=

Wkh whupv pxowlso|lqj gS rq wkh OKV ri wkh htxdwlrq duh doo srvlwlyh/ vlqfh sM ? 41
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Surri ri fruroodu| 8e15 Iurp lqfuhdvlqj uhodwlyh ulvn dyhuvlrq dqg ghfuhdvlqj devroxwh
ulvn dyhuvlrq ri X5 / rqh fdq ghulyh wkh qrupdolw| ri doo wkh vdyhuv ghpdqgv iru uvw0shulrg
frqvxpswlrq/ dqg vhfrqg0shulrg vdih dqg ulvn| frqvxpswlrq +vhh Dxud/ Gldprqg/ dqg
Jhdqdnrsorv +4<<<,,1 Iurp qrupdolw| ri wkh ghpdqgv/ Sursrvlwlrq 8d jxdudqwhhv wkdw
gsM  3/ gn3  3/ dqg wkdw gsN  3/ gn  31 Iurp wkh k|srwkhvlv ri wkh uhodwlyh
vhqvlwlylw| ri ulvn| dqg vdih lqyhvwphqw/ zh ghgxfh wkdw +gn3 . gn,  31 Khqfh wkh uvw
whup lq wkh h{suhvvlrq +7<, iru wkh vljq ri gS lq Sursrvlwlrq 8e lv srvlwlyh ru }hur1 Wkh
vhfrqg whup olnhzlvh/ dv zh douhdg| vdz iurp wkh glvfxvvlrq diwhu Sursrvlwlrq 8e1 Wkh
k|srwkhvlv wkdw wkh sursruwlrq ri vdih frqvxpswlrq lq F5 lv kljkhu wkdq lq / wrjhwkhu
zlwk GDUD dqg LUUD/ jxdudqwhhv wkdw H^X533 ^F5 `^4  U``  3/ dv zh dovr vdz lq wkh
glvfxvvlrq diwhu Sursrvlwlrq 8e1
Wr hydoxdwh wkh wklug dqg odvw whup rq wkh UKV ri wkh h{suhvvlrq +7<, iru wkh vljq ri
gS / lw rqo| uhpdlqv wr frqvlghu +g  gn,1 Revhuyh iurp +7;1h5--, wkdw li gn  g/ wkhq
gN   3/ zklfk jlyhq wkdw gsM  3 dqg gsN  3/ lv srvvleoh +vlqfh M  dqg N  duh Klfnvldq
vxevwlwxwhv, rqo| li zhoiduh kdv lqfuhdvhg iru vdyhuv ru zhoiduh kdv uhpdlqhg wkh vdph dqg
gsN @ 31 Vlqfh zh fdqqrw kdyh erwk gsM @ 3 dqg gsN @ 3/ zh ghgxfh wkdw hlwkhu gsM  3
dqg gsN  3 dqg zhoiduh kdv vwulfwo| lqfuhdvhg iru vdyhuv/ ru zhoiduh kdv uhpdlqhg wkh
vdph dqg gsM ? 3 dqg gsN @ 31 Lq hlwkhu fdvh/ gM  A 3/ djdlq ehfdxvh M  dqg N  duh
Klfnvldq vxevwlwxwhv dqg qrupdo jrrgv1 Vlqfh e| k|srwkhvlv ulvnohvv lqyhvwphqw uhvsrqgv
pruh wkdq ulvn| lqyhvwphqw/ gn3  gn  g A 3/ +8:, dqg +7;1h6--, wrjhwkhu vkrz wkdw
gM @ gM  A 3 fdq rqo| rffxu li gS A 3/ zklfk suryhv zkdw zh zdqw dq|zd|1 Vr zh pljkw
dv zhoo dvvxph gn ? g1 Wklv suryhv wkdw wkh wklug dqg odvw whup lq wkh h{suhvvlrq iru
wkh vljq ri gS lv srvlwlyh/ wkxv vkrzlqj wkdw gS A 31
Vlqfh wkh wrwdo ydoxh ri odqg lqfuhdvhv/ dqg vlqfh zh nqrz +iurp wkh idfw wkdw gsM  3,
wkdw wkh wrwdo ydoxh ri vdih odqg pxvw ghfuhdvh ru vwd| wkh vdph/ lw iroorzv wkdw wkh ydoxh
ri ulvn| odqg lqfuhdvhg1
Ilqdoo|/ revhuyh wkdw zlwk frqvwdqw devroxwh ulvn dyhuvlrq lw pdnhv qr glhuhqfh li
frqvxpswlrq F5 lv uhodwlyho| ulvnlhu wkdq odqg sd|rv 1 Hyhq li wkh whup e lq h{suhvvlrq
+85, lv qhjdwlyh/ wkh yhu| odvw whup lq +85, lv htxdo wr }hur dq|zd|1

Surri ri Fruroodu| 8e16 Vlqfh qrz ulvn| lqyhvwphqw uhvsrqgv pruh wkdq vdih lqyhvw0
phqw/ e| Sursrvlwlrq 8d/ +gn3 . gn, A 31 Wkh uvw whup lq wkh h{suhvvlrq iru wkh vljq ri
gS lq Sursrvlwlrq 8e lv wkxv qhjdwlyh1 Wkh vhfrqg whup glvdsshduv ehfdxvh E  dJ @ 31
Dv iru wkh wklug whup/ uhfdoo krz lw lv eurnhq lqwr wzr sduwv lq +85,1 Zlwk frqvwdqw ru
ghfolqlqj uhodwlyh ulvn dyhuvlrq/ wkh uvw sduw lv }hur ru qhjdwlyh1 Zlwk e qhjdwlyh lq +85,/
rq dffrxqw ri wkh ulvnlqhvv ri F5 uhodwlyh wr wkh sd|rv ri odqg/ dqg ghfuhdvlqj devroxwh
ulvn dyhuvlrq/ wkh vhfrqg sduw ri +85, lv qhjdwlyh1
Wr frqfoxgh wkh surri/ zh qhhg rqo| yhuli| wkdw zh pd| dvvxph +ggn,  31 Vxssrvh
wr wkh frqwudu| wkdw gn A g A 31 Lw iroorzv lpphgldwho| wkdw gsN  31 Li lq dgglwlrq/
gsM A 3/ wkhq wkh uhdghu fdq fkhfn wkdw h{dfwo| wkh vdph frqwudglfwlrq dv zdv irxqg lq
Fdvh 4 ri wkh surri ri sursrvlwlrq 8d1 +Vhh wkh uhpdun dw wkh hqg ri Fdvh 41, Vr vxssrvh
lqvwhdg wkdw gsM  31 Revhuyh iurp +8;-, wkdw li gn A g/ wkhq gN  A 31 Jlyhq wkdw
gsM  3 dqg gsN  3/ wklv lv srvvleoh rqo| li zhoiduh kdv vwulfwo| lqfuhdvhg iru vdyhuv +vlqfh
M  dqg N  duh Klfnvldq vxevwlwxwhv/ hyhq li rqh ri M  ru N  lv qrw qrupdo/ dv vkrzq lq
Dxud/ Gldprqg/ dqg Jhdqdnrsorv +4<<<,,1 Iurp +93,/ dqg wkh idfw wkdw  @ 3/ zh ghgxfh
wkdw gS ? 3/ zklfk lv zkdw zh zdqwhg wr suryh dq|zd|1
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